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Motivation

Who knows how to differentiate ...

STCE

void implicit_euler(const int n, double& x,

const vector<double>& p, const double& T) {
double dt=T/n;

for (int i=0;i<n;i++) {
double x_prev=x;

double f=—dtsp[i]*sin(xxixdt);
while (abs(f)>1e—15) {

x=x—f/(1—dtxpli]*ixdtxcos(xxi*dt));
f=x—x_prev—dtxp[i]*sin(x*ixdt);
}
}

}

77

....you will!

Algorithmic Differentiation, Oxford 2017
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Aim of the Course

STCE

We consider implementations of multivariate vector functions

F:DpCR" = Ip CR™:y=F(x)
as computer programs.

first or higher derivatives efficiently.

Assuming differentiability of F' and of its implementation! we aim to study
methods for transforming the given computer program into one for computing

1

counter example: if(x) y=sin(x); else y=0;
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Outline

First-Order AD

Tangents
Adjoints

STCE
Motivation, Terminology, Finite Differences

Second-Order AD

Second-Order Tangents
Second-Order Adjoints

Second Derivatives of Multivariate Vector Functions
Higher-Order AD
Beyond Black-Box Adjoint Algorithmic Differentiation
Checkpointing
Symbolic Adjoints
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. STCE
Logistics

> intro: https://www.stce.rwth-aachen.de/people/uwe-naumann
website:
http://www.stce.rwth-aachen.de/teaching/lectures/oxford2017/

v

registration: email to naumann@stce.rwth-aachen.de
prerequisites: basic numerics and programming
material: slides, code (C++), own notes

software: dco/c++ from NAG
(http://nag.co.uk/content/downloads-dco-c-versions)
» download and unpack
> request 3-month trial license key using webform (use Oxford Uni email and
reference “OU/AD/61914")

» practice: weekly assignments

vV v VY

» project: implement an adjoint simulation code

Algorithmic Differentiation, Oxford 2017 «Or «Fr o«

i
v
i
v
it

A 5



based on

Course on Algorithmic Differentiation (AD)

STCE

It
Computer P

U.N.: The Art of Differentiating Computer Programs. An Introduction to
SIAM, 2012.

Algorithmic Differentiation. Number 24 in Software , Environments, and Tools,

https://www.stce.rwth-aachen.de/research/the-art
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Outline

STCE
Motivation, Terminology, Finite Differences
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Motivation: Cheap Gradients
E.g, Diffusion

e ARy
STCE
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Motivation: Cheap Gradients STCE
E.g, Diffusion

T=T(tz,c(z)): R xR xR — R is given as the solution of the 1D diffusion
equation

dT () A>T
—_— C :I:  —
dt dx?

over the domain © = [0, 1] and with initial condition T'(0,z) = i(z) for x € Q2
and Dirichlet boundary T'(¢,0) = by (t) and T'(¢,1) = by (¢) for t € [0, 1].

The numerical solution is based on a central finite difference / implicit
(backward) Euler integration scheme that exploits linearity of the residual r in

T (single evaluation of constant Jacobian 4~ and factorization).

Algorithmic Differentiation, Oxford 2017 «O>» «F»>» «E>» «E>»

A 9



Motivation: Cheap Gradients STCE
E.g, Diffusion

We aim to analyze sensitivities of the predicted T'(z, c¢(x)) with respect to ¢(
or even calibrate the uncertain ¢(x) to given observations O(x) for T'(z, c(x)
at time ¢t = 1 by solving the (possibly constrained) least squares problem

7)
)

H(lil)l fle(x),z) where f = . (T(1,2,c(z)) — O(.??))2 dx.
o(z Q

Assuming a spatial discretization of €2 with n grid points we require

df  df dT(1)

de ~ ar() de € R" (— scalar adjoint integration at O(1))

and possibly

d? , D .
Tf € R"*" (— 2nd-order vector adjoint integrations at O(n))
LC
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STCE

For differentiation, is there anything else?
Perturbing the inputs — can’t imagine this fails.
| pick a small Epsilon, and | wonder ...

from: “Optimality” (Lyrics: Naumann; Music: Think of Fool's Garden’s “Lemon
Tree”) in Naumann: The Art of Differentiating Computer Programs. An Introduction

to Algorithmic Differentiation. Number 24 in Software , Environments, and Tools,
SIAM, 2012. Page xvii

Algorithmic Differentiation, Oxford 2017
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Motivation: Cheap Gradients
e.g, Diffusion

STCE

Naive application of Algorithmic Differentiation (AD) tool dco/c++ yields:
](‘

7 (n=300, m=50)
central FD | adjoint AD
run time (s) 15.2 0.7
2 g
% (n=100, m=50)
central FD | adjoint AD
run time (s) 63.6 3.9

while ignoring accuracy for the time being ...

Algorithmic Differentiation, Oxford 2017
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. E
Nice to have? STCE

es penad, addepih, 00000 b 0000000095 2121y minimax=000101 /186

MITgem, (EAPS, MIT)

in collaboration with ANL, MIT,
Rice, UColorado

J. Utke, U.N. et al: OpenAD/F: A
modular, open-source tool for automatic
differentiation of Fortran codes . ACM
TOMS 34(4), 2008.

Plot: A tangent computation / finite difference approximation for 64,800 grid
points at 1 min each would keep us waiting for a month and a half ... :-((( We

can do it in less than 10 minutes thanks to adjoints computed by a
differentiated version of the MITgem :-)

Algorithmic Differentiation, Oxford 2017 «O» «F»r
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Adjoints Are Everywhere ...

RWTH
L . . STCE
Topology Optimization with Adjoint OpenFOAM [AboutFlow]

design space optimization

result

primal (penalized Navier-Stokes [Othmer, 2008])
(v-V)v=vVv—Vp—av, a>0
objective (total pressure loss between in- and outlet)
15
J= [ p+ zv, dl
r 2

aiming for unsteady,

. n coupled (e.g, flu-
solver (gracilent descent) "™ =™ — X - ga% id/heat,  fluid/struc-
requires % computed by dco/c++ / AMPI ture)

[10]: MPI-Parallel Discrete Adjoint OpenFOAM, ICCS Conf., 2015.

Algorithmic Differentiation, Oxford 2017 «O» «F»r
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Adjoints Are Everywhere ... STC“E“H
DAEs with Optimality Conditions (DAEO) [FZJ-IBG, AVT]

The Jiilich-Aachen Dynamic Optimization Environment (JADE) targets DAEO

Ya(t) = f(ya(t),ya(t),t,p), for given ya(0)
Ya(t) = argming cgrna M(Ya(t), Ja, t, p)
s.t. 0=gi(ya(t),Ja,t,p), 1=1,...,1n
0 < gj(ya(t),Ja,t,p), j =mne+1,...,nq.

Hi hical Modeli ing Language
Embedding KKT condition ) ”

Vi h *gvzig : A} —0

for Langrangian L =

h— < A,g > yields need
for Vg, h, V;ah “u, Vg9 - v, Vgag -w, and < 0

2 and 0<h(t%,5)
w, V3, g9,v > generated by dcc / dco/c++ .

Simulation Equation Level

[3]: First- and Second-Order Parameter Sensitivities of a Metabolically and Isotopically Non-Stationary
Biochemical Network Model, Modelica Conf., 2012.

Algorithmic Differentiation, Oxford 2017 «O» «F»r
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Adjoints Are Everywhere ... STC“E"H
Parameter Estimation with JURASSIC2 [FZJ-1EK]

measurement instrument

recovery of atmospheric

state in upper troposphere %‘“’
/ lower stratosphere for

£
ments along line-of-sight /

atmosphere with carth
unknown state X

line-of-sight

primal model y; = g(x, A;) with simulated radiances y € R™, atmospheric
parameters x € R", and line-of-sight elevations A € R™

residual R™ 3 F = (0; — g(X, A¢))i=1...m for measured radiances o € R™

objective G (x,\) = FTS7'F 4 (x — x4) TS, ' (x — x,) with measurement error
correlation matrix S, € R™*™, typical atmospheric state values from historical data
xq, € R™, and (Tikhonov) regularization matrix S, € R"*"

Gauss-Newton solver requires V< F computed by dco/c++

[11]: A 3-D tomographic retrieval approach with advection compensation for the air-borne limb-imager
GLORIA, Atmos. Meas. Tech., 2011.

[4]: A Case Study in Adjoint Sensitivity Analysis of Parameter Calibration, Submitted, 2016.

Algorithmic Differentiation, Oxford 2017 «O>» «F»r «
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Adjoints Are Everywhere ...
Waterways Engineering [BAW, EDF, HRW]

0T om 002 0o 0% 004
. —
ks, 005

ST 908 004 0004 008
o —

005 &,_ 0.1 01

Sensitivity of local shear stress with respect to geometry (top) and roughness of
sediment (bottom) generated by dco/fortran.

[5]: Reverse engineering of initial and boundary conditions with Telemac and algorithmic differentiation,
Wasserwirtschaft, 2013

Algorithmic Differentiation, Oxford 2017
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Adjoints Are Everywhere ...

e \UN]\%‘&?IEﬁ
. (STCE
Physical Oceanography [MPI-M] AL

Adjoint version of ICON (lcosahedral Non-hydrostatic General Circulation Model
generated by dco/fortran for use in 4DVAR data assimilation and error estimation.

[13]: Estimation of Data Assimilation Error: A Shallow-Water Model Study, Monthly Weather Review,
2014

Algorithmic Differentiation, Oxford 2017
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Adjoints Are Everywhere ...
Option Pricing / Risk Management [NAG]

STCE

Let's price a simple European Call option written on
an underlying S = S(t) : R™ — R, described by
the SDE

dS(t) = S(t) - - dt + S(t) - o(t, S(t)) - dW (¢)

with time ¢ > 0, maturity T" > 0, strike K > 0,
constant interest rate r > 0, volatility o = o (¢, S) :
R*xR* — R™, and Brownian motion W = W (t) :
R* - R.

The value of a European call option driven by S is
given by the expectation

V=Ee """ (S(T)-K)"

for given interest r, strike K, and maturity T". It is
usually evaluated using Monte Carlo simulation.

Scenario
> 10 paths
» 360 Euler steps
» 62 uncertain parameters

» pricer takes 1s

Greeks

> first order (dco/c++)
> finite diffs: 81s
> adjoint: bs
> second order (dco/c++)

> finite diffs: 480s
> adjoint: 53s

[8]: Adjoint Algorithmic Differentiation Tool Support for Typical Numerical Patterns in Computational

Finance, NAG, 2014.

Algorithmic Differentiation, Oxford 2017 «O» «F»r
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Adjoints Are Everywhere ...
Robust Non-Convex Optimization [AVT, Imperial College]

RWTH
STCE

Branch and (Improved) Bounds through Subgradients
of McCormick Relaxations

Variance Penalty

Robust Objective through

° Orginal fnciion —— ° Orginalfncion ——
Na, nterval oxt. underest Nat, nterval oxt uncierest
. ‘Convon underesimator 4 ‘Conver underestmator
‘ina underastmator ‘ine underastimator
Upper bouna ‘Global uppor bour
3 3 Local upper bound
2
2
1
1
! \/ : \/
e o Yo
' "
A af
2 — S
s 2
4 k3
5 4 2 o ) 2 o 2 0
s
Orginal lcion —— ° Orginal fucion ——
Nat, nterval oxt undierest Nat, nterval oxt underest
‘Convon underestimaio ‘Gonven underesimator
4 ‘ine underestmator s ‘ine underestmator
Giobal upper bound Giobal upper bound
3 3
2

5 4 2 o

[Ea—

I~

[1]: Adjoint Mode Computations of Subgradients for McCormick Relaxations, AD Conf., LNCSE, 2012.
M. Beckers: Toward Global Robust Optimization, Ph.D. Thesis, RWTH Aachen, 2014.
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Adjoints Are Everywhere ... STC“E“H
Adjoint Numerical Methods / Libraries [NAG]

For example, nag_zero_cont_func_brent locates a simple zero x of a continuous function f
in a given interval [a,b] using Brent’s method. The adjoint version enables
computation of sensitivities of the solution x wrt. all relevant input parameters
(potentially passed through comm).

void
nag_zero_cont_func_brent_dco_als (
dco::als::type a, // in: lower bound
dco::als::type b, // in: upper bound
dco::als::type eps, // in: termination tolerance on x
dco::als::type eta, // in: acceptance tolerance for vanishing f(x)
dco::als::type (xf)(dco::als::type x, Nag_-Comm_dco_als xcomm), // in: f
dco::als::type *x, // out: x
Nag_-Comm_dco_als xcomm, // inout: parameters
NagError «fail // out: error code

)i

We develop first- and higher order tangent and adjoint versions of a growing number
of numerical methods using dco/c++, dco/fortran, and hand-coding.

Algorithmic Differentiation, Oxford 2017 «O» «F»r
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Adjoints Are Everywhere ...
Significance-Based Approximate Computing [SCoRPiO]

For illustration consider

| y=log(exp(sin(x1))*(x1%x2))/10+x2/100;

Interval evaluation for x1,x2 € [1,36000] yields
| v5=log(exp(sin(x1))#(x1#x2)) —> [—1,22]

Significance criterion, e.g,

w([v] - Vi y]) < 2.5

selects v5=10.5; and hence y=1.05+x2/100;

Significance analysis requires gradient of objective y with
respect to all intermediates computed by dco/scorpio

(— scenarios through interval splitting and exploratory
spawning).

[12]: Towards Automatic Significance Analysis for Approximate Com-
puting, IEEE/ACM CGO, 2016.

Algorithmic Differentiation, Oxford 2017 «O>» «Fr «E» «E
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Recall ...

Basic Mathematical Terminology

STCE

> continuity

» differentiability

» gradient, Jacobian, Hessian, higher derivative tensors
» Taylor expansion
» chain rule

Algorithmic Differentiation, Oxford 2017
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Chain Rule (of Differential Calculus)

Univariate Scalar Functions

STCE

Let y = f(z) : Dy CR — Iy C R be defined over Dy and let

y = f(z) = g(h(x)) = g(2)

be such that both g and & are continuously differentiable over their respective
and

domains Dy = Ij, and Dy, = Dy. Then f is continuously differentiable over D/

df dg dg dh
T ary = By = By Dy
for all * € Dy and 2* = h(z*).

Algorithmic Differentiation, Oxford 2017
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Chain Rule

Multivariate Vector Functions (Standard Formulation)

STCE
Lety = F(x): Dp CR" — Ir CR™ be defined over D and let

be such that both G and H are continuously differentiable over their respective
DF and

domains Dg = Iy and Dy = Dp. Then F'is continuously differentiable over

ar, .. dG . dH
d—x(x)fg(z)

'CTX(X )
for all x* € Dp and z* = H(x")

Proof follows immediately from product of the two Jacobians.
Algorithmic Differentiation, Oxford 2017
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Chain Rule STC“E"H

Multivariate Vector Functions (Generalization)

Lety = F(x): Dp CR" — Ir CR™ be defined over D and let

be such that both G : Dg C R? x R" — I¢ C R™ and

H: Dy CR" — Ir C RP? are continuously differentiable over their respective
domains Dg = Iy X D and Dy C Dp. Then F'is continuously differentiable
over Dr and

AF o _dG . . dG . . dH o 0G
E(X)_E(Z’X) dz( ,x") E(x)—&—&(z,x)

for all x* € Dy and z* = H(x").

Notation: 25 incomplete derivative: 4 [complete] derivative
Ox p dx p

Algorithmic Differentiation, Oxford 2017 «O» «Fr «=»r < 4
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Chain Rule

Graphical lllustration

l= F(x) = Gé’(*) \")

t

u(Hl

dx

A o2 O™
o | -
< |
4
o e — >
e
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Chain Rule

RWTH
o . o STCE
Multivariate Vector Functions (Generalization): Proof
Let u,v,w € R""P™ such that u = (x 0 0)7, v = H(u) = (x H(x) 0)T,
and w = G(v) = (x H(x) G(H(x),x))T.
By the standard chain rule
dF dC di 1, 0 0 c{?[ 0 0 5?1 0 0
du " do du | oe b o) | 00 = T o 00
8G  dG 8G | dG . dH
Hence,

aF _dy dw du_ o dF . 0G  dG dH
dx  dw du dx " du " 9x dz dx

where P, = (I,, 0) € R™ P+ and Q,,, = (0 I,,,) € R™* "™ with T,
denoting the identity matrix in R*** &k € {n,m}, and using appropriate
numbers of zero padding columns. W

Algorithmic Differentiation, Oxford 2017 «0O)>» «Fr «=» «
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Chain Rule STC“I‘EMH

Complete vs. Incomplete Derivatives

Lety = F(x): Dp CR" — Ir CR™ be defined over D and let

y = F(x) = G(H;(x),...,Hy(x))

be such that G and all H;, i =1, ...,k are continuously differentiable over
their respective domains.

Then F is continuously differentiable over Dp and its [complete] derivative
(Jacobian) ‘é—i is uniquely defined. Moreover, there are 2¥ incomplete

derivatives 2£ due to considering subsets of the H; as constant (or passive).

For notational simplicity we avoid precise annotation of incomplete derivatives.
The incomplete derivatives referred to will be well defined by the context.

Algorithmic Differentiation, Oxford 2017 «Or «Fr «=»r <
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Chain Rule

o STCE
Complete vs. Incomplete Derivatives: Example
Let

y = f(z) = g(h1(x), ha(z)) = sin(z) - cos().
By the chain rule the complete derivative becomes

df

a 2 _ 2
Ir cos(z)® — sin(x)
The following 22 = 4 incomplete derivatives exist:
7]
e € {O, cos(x)?, —sin(z)?, cos(z)? — sin(x)Q} ,
x

where, admittedly, the vanishing derivative due to assuming no dependence on
x could be considered as obsolete.

Algorithmic Differentiation, Oxford 2017
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1 RWTH
Notation STeE

Partial and Total Derivatives

For F : R" - R™ : y = F(x) we use the following equivalent notations for
total derivatives

dF(x)
F = =VF
()= 2 = VF()
_ d*F(x) 2
F'(x) = e V*F(x)
F///(X) =
and partial derivatives
dF (x)
F,. = =V, F
)= = VPR
d’F(x) [i=j d*F(x)
F. .. = = =V o F
iy ](X) dl’zdxj d:t? v i Lj (X)
in,zj,zk (x) =
Algorithmic Differentiation, Oxford 2017 «gr «Fr «Er «Er» E HAQ 31



Numerical Approximation of First Derivatives
Finite Difference Quotients

STCE
We consider implementations of multivariate vector functions

F:DFQ]R”%IFQ]R,W.}’:F(X)
(Hessian etc.)

as computer programs. F assumed to be (k times) continuously differentiable
over their entire (open) domain? implying the existence of the Jacobian

dF dy
VF(x)= = = ax

E ]R’I'TLX?L

(forward, backward, central) finite difference quotients as follows:

VF(x*) & (F(X* th-ei) - Fx")

n—1

h >i() = (
~2
2.

n—1
h ) .
n—1

)

1=0

the individual columns of which can be approximated at all points x* € D by

F(x*)—F(x*—h-e)

2to be relaxed later

=0
Algorithmic Differentiation, Oxford 2017
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Numerical Approximation of First Derivatives

RWTH
Finite Difference Quotients

STCE

{(rl(a) —c&)

Algorithmic Differentiation, Oxford 2017
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Accuracy of Forward/Backward Finite Differences

W.lo.g., let m=1. For x = 2° + h we get

£+ 1) = £ + L@y b & L@y e L Loy

dx 2! da? 3! dad
and similarly for x = 2% — h
af , o 1 d*f , 1 &f
P =) = F0) — S @) bt o SR ) b o SR W

Truncation after the respective first derivative terms yields scalar univariate
versions of forward and backward finite difference quotients, respectively, e.g,

from of

f@®+n) = f(a) + h%(xo) +O0(h?) .
For 0 < h << 1 the truncation error is dominated by the value of the h? term
which implies that only accuracy up to the order of h (= h' and hence
first-order accuracy) can be expected, e.g,

%(x ) = f@@®+h) —{L(xo)+0(h2) _ f(w0+h})l—f(w0) +O(h)

Algorithmic Differentiation, Oxford 2017 «0O)>» «Fr «=» «
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RWTH

.. . STCE
Accuracy of Central Finite Differences

Second-order accuracy (=%3) follows immediately from the previous Taylor
expansions. Their subtraction yields

f®+n)— f(z°—h) =
i@+ Loy ne Loy oy L4

. y ) Nnd4.. . —
dz o e ) g g ()
df 1 d2f 1 d3f .
0 g 0 g 0 2 g 0 3
LA 2 d*f ,

Truncation after the first derivative term yields the scalar univariate version of
the central finite difference quotient. For small values of h the truncation error
is dominated by the value of the h® term which implies that only accuracy up
to the order of h? (second-order accuracy) can be expected, i.e

df

4 0y = f@®+h) = f(@® —=h)+O0(h*) _ f(a®+h)— f(a® - h)
dx N

2
o = o +O(h7).

Algorithmic Differentiation, Oxford 2017 «0O)>» «Fr «=» «
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Accuracy of Finite Differences

Case Study (sin.cpp)

STCE

0 N O WN

double f(double x) { return sin(x); }

int main() {
double x=1;

for (double h=1e—1;h>>=1e—15;h=h/10)
cout << h << "\t" << (f(x+h)—f(x))/h << "\t
<< (f(x+h/2)—f(x—h/2))/h << "\t" << cos(x) << endl;

h

FFD

CFD

EXACT

0.1
0.01
0.001
0.0001
le-05
le-06
le-07
le-08
1le-09
le-10
le-11
le-12
le-13
le-14
le-15

0.497363752535389
0.536085981011869
0.539881480360327
0.540260231418621
0.540298098505865
0.54030188512133

0.540302264040449
0.540302302898254
0.540302358409406
0.540302247387103
0.540301137164079
0.540345546085064
0.539568389967826
0.544009282066327
0.555111512312578

0.540077208046432
0.540300054611342
0.540302283355554
0.540302305643836
0.540302305873652
0.540302305895857
0.540302306228924
0.540302291796024
0.540302358409406
0.540303357610128
0.540301137164079
0.540345546085064
0.539568389967826
0.544009282066327
0.555111512312578

0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
0.54030230586814
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Numerical Approximation of First Derivatives RWTH

- STCE
Example: Explicit Euler

We are looking for the solution z(p,T), T > 0 of the scalar initial value
problem
dx 0

Forward finite differences in time with time step 0 < §t < 1 yield

z(p(t + 6t), t +&§t> =20 o ap(t). 1), p(t). 1)

and hence the explicit Euler evolution
=gt 5t g(at, pti - )

fori=0,...,n—1, T =mn-6t, and p* = p(i - §t).

We are interested in sensitivities of the final state ™ = 2™(p,T') wrt. intial
state 2°, target time T and parameter vector p = (p°,...,p" )T,

Algorithmic Differentiation, Oxford 2017 «O» «F»r
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Numerical Approximation of First Derivatives RWTH

Example: Implementation

STCE

E.g, J
= p(t) sin(a(p(t),0) - 1)

void explicit_euler(const int n, double& x,
const vector<double>& p, const double& T) {
double dt=T/n, t;
t=0;
for (int i=0;i<n;i++) {
x+=dt*p[i]*ksin(xx*t);
t4=dt;
}
}

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

T=1

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

T=10
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Numerical Approximation of First Derivatives
Example: Forward Finite Differences

STCE

int main(int ¢, charx v[]) {
int n=atoi(v[1]);
const double x0=1, T=1;
vector<double> p(n,1);
double x=x0;
explicit-euler(n,x,p,T);
double h=sqrt(DBL_EPSILON);
double xp=x0+h;
explicit_euler(n,xp,p,T);
cout << "dx/dx0=" << (xp—x)/h << endl,
for (int i=0;i<n;i++) {
xp=x0;
plil+=h;
explicit_euler(n,xp,p,T);
cout << "dx/dp[’ << i << "]=" << (xp—x)/h << endl;
pli]—=h;
}

return O;

}
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Motivation

| can do better ...

STCE

Race against adjoint ...

n primal | ffd | adjoint
105 [ ~0 0.1 ~0
10t | ~0 10 0.02
10° | ~0 |597 | 0.15
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Further Examples

RWTH
STCE
Implicit Euler
Again, we are looking for z(T"), T' > 0 as the solution to the scalar initial value
problem
dz
E = g(x(p(t)v t)vp(t>7 t)v

2(p(0),0) = 2°.
Backward finite differences in time with time step 0 < 0t < 1 yield

x(p(t),t) — x(p(t — ot),t — dt)
ot

~ g(z(p(t),1), p(t), 1)
and hence x = z(t) = z(p(t), t) as the solution of the nonlinear equation

e.g. by the Newton-Raphson algorithm.
Algorithmic Differentiation, Oxford 2017
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Further Examples

Implicit Euler: Implementation

STCE
E.g,
dx .
— =p(t) - sin(z(p(?), 1) - 1)
dt
void implicit_euler(const int n, double& x,
double dt=T/n;

const vector<double>& p, const double& T) {
for (int i=0;i<n;i++) {
double x_prev=x;

double f=—dtspli]#sin(xxixdt);
while (abs(f)>1e—15) {

x=x—f/(1—dtxp[i]*i*dtkcos(xxixdt));
f=x—x_prev—dt*p[i]*sin(xxi*dt);
}
}

Algorithmic Differentiation, Oxford 2017
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RWTH
Further Examples STeE

Euler-Maruyama

We are looking for the expected value E(z) of the solution z(p,T),T > 0 of
the scalar stochastic initial value problem

dr = f(z(p,t),p,t))dt + g(z(p,t), p,t)dW

with Brownian Motion dW and for z(p,0) = 2°.

Forward finite differences in time with time step 0 < 6§t < 1 yield the explicit
Euler-Maruyama evolution

=gt 4 6t f(2t,p,i- 0t) + Vot - g(at, p,i- 6t) - AW’
fori=0,...,n—1, target time T = n - §t, parameter vector p € R', and with

random numbers dW* drawn from the standard normal distribution N (0, 1).

The solution E(x) is approximated using Monte Carlo simulation over (a
sufficiently large number of) Euler-Maruyama paths.

We are interested in sensitivities of the final state E(z) wrt. p.
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Further Examples
Euler-Maruyama: Implementation

E.g

STCE

dz = p(t) - sin(z(p(t),t) - t)dt + p(t) - cos(z(p(t),t) - t)dW
void euler_maruyama(const int m, const int n,
double& x, const vector<double>& p,
const double& T, const vector<vector<double>>& dW) {
double s=0, x0=x; double dt=T/n, t;
for (int j=0;j<m;j++) {
t=0;
for (int i=0;i<n;i++) {
t+=dt;

x+=dt*pl[i]*sin(xxt)+p[i]*xcos(x*t)*sqrt(dt)«dW[j][i];
}
s+=x; x=x0;
}
x=s/m;
}

Algorithmic Differentiation, Oxford 2017
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STCE
Practice

Using

explicit_euler

adjoint.cpp fd.cpp primal.cpp
euler_maruyama

adjoint.cpp primal.cpp
implicit_euler
adjoint.cpp primal.cpp

» apply forward and/or central finite differences to Implicit Euler and
Euler-Maruyama,

» compare run times and numerical results with given adjoint,

investigate impact of different perturbation sizes on quality of the
numerical results.
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Outline

STCE
First-Order AD
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First-Order (A)AD

Prerequisites: Feasible Target Code |

STCE
1. The given implementation of F: R" — R™ : y = F(x), can be
decomposed into a single assignment code (SAC)

v; = i) = 2

v; = @; ((vk)k<;)

j=n
Uk = Prtqrk(Vnipik) = Uniprk

k=0
argument of ;.

.....

where ¢ = p+m and k < j denotes a direct dependence of v; on vy, as an

2. All elemental functions ¢; possess continuous partial derivatives

do;
dj,i = ﬁ

o, (Vk) k<

with respect to their arguments (vy)x~<; at all points of interest.
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First-Order (A)AD RWTH

o . STCE
Prerequisites: Feasible Target Code Il

3. A linearized SAC (ISAC) is obtained by augmenting the elemental
assignments with computations of the local partial derivatives d; ;.

4. The SAC induces a directed acyclic graph (DAG) G = G(F) = (V, E)
with integer vertices V = {0,...,n + ¢} and edges
VxV2OE={(@\j):i<j}

5. The set of vertices representing the n inputs is denoted as X C V. The m
outputs are collected in Y C V. All remaining intermediate vertices belong
toZ C V.

6. A linearized DAG (IDAG) is obtained by attaching the d; ; to the
corresponding edges (4, j) in the DAG.

7. Example: explicit Euler step
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First-Order (A)AD

Prerequisites: Chain Rule on IDAG

SAC:

< N
li

dy

VF(x)

= > 1 du

path€IDAG (i,5)Epath
Example: explicit Euler step
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Chain Rule on IDAG
... the Essence of AD

STCE

Consider y=F(x) = <§0> ( ioyil (Go X0, (XO,Xl))>
1 05 1

Xo,Xl))
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Chain Rule on IDAG

... Edge Back-Elimination (to be used for tangents)

STCE
Ay \" (0Gy | dGy | dm\"
dFy | dxo 0x¢ dz  dxg
dx | diy dGq | dH
dz

dX1
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Chain Rule on IDAG RWTH

Lo - STCE
... Vertex Elimination (to be used for adjoints)
dF | dx, dx; | _ | 9%o dz dxo dz dx;
i~ | dE dR) | T dG, dH dG, dH
dxg dx; dz dxg dz dxq

Algorithmic Differentiation, Oxford 2017 «O» «F»r
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Chain Rule on IDAG

Note on Combinatorics

STCE

» [7] U. N.: Optimal Jacobian accumulation is NP-complete. Math. Prog.

112(2):427-441, Springer, 2008.

Proof by reduction from ENSEMBLE COMPUTATION

» [6] U. N.. Optimal accumulation of Jacobian
matrices by elimination methods on the dual
computational graph. Math. Prog.
99(3):399-421, Springer, 2004.

Example: bat graph in STCE logo

> [2] A. Griewank and U. N.: Accumulating
Jacobians as chained sparse matrix products.
Math. Prog. 95(3):555-571, Springer, 2003.

Example: R* -+ R? - R? » R? - R*

See also [9]:

=
oo

Combinatorial Scientific
Computing
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First-Order Tangent Model

Mathematician's View

STCE
A first-order tangent model F() : R" x R" — R™ x R™,

Y — 1)
=Y (x,x'%"),

defines a directional derivative alongside with the function value:

y = F(x)

y) = VF(x) cx(M

definition of the whole Ja-
cobian column-wise by input di-
rections x(1) € R™ equal to the
Cartesian basis vectors in R".
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Notation

First-Order Tangent Code

STCE
In

ar o

dx
the superscript on x denotes first directional differentiation of F' performed in
tangent mode in direction x(!) € R".

Subscripts will be used later to denote adjoints.

derivatives.

Larger values for superscripts will become relevant in the context of higher
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First-Order Tangent Code

RWTH
Computer Scientist's View

STCE

A first-order tangent code (M) : R™ x R” x R - R™ x R™ x R™

N
EN

= F(l) (X7 X(1)7 5’() Z’ Z(l)’ i)’

< %ﬁ% N

computes a Jacobian x vector product alongside with the function value
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First-Order Tangent Code

Computer Scientist's View

STCE

Variables for which derivatives are computed are referred to as active; x and z
are active inputs; z and y are active outputs.
Variables which depend on active inputs are referred to as varied.

Variables for which no derivatives are computed are referred to as passive; X
and z are passive inputs; z and y are passive outputs.

Variables which active outputs depend on are referred to as useful.

Active variables are both varied and useful.

The whole (dense) Jacobian can be harvested column-wise from the active

output directions (z(1),y())T € R™ by seeding active input directions
(x1),z)T € R™ with the Cartesian basis vectors in R".
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First-Order Tangent Code

Computer Scientist's View (Simplified)

STCE

A first-order tangent code F() : R" x R"” — R™ x R™,

Y — 1)
= Y (x,x'"),
<y(1)> ( )

computes a Jacobian x vector product alongside with the function value:

y i=F(x)

yM = VF(x) L x(D

Algorithmic Differentiation, Oxford 2017
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First-Order Tangent Model RWTH

STCE
Alternative Interpretation via Chain Rule on IDAG
Define
o = @
ds

for v € {x,y} and some auxiliary s € R assuming that F'(x(s)) is continuously
differentiable over its domain.

By the chain rule @

dy dy dx VE
W T VF(x)-xY
s " dx s VX)X °
and hence
y® = VF(x) x(D <M
Example: explicit Euler step
<O «Er «=r <THr T NAG 50
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First-Order Tangent Code
T ang o STCE
Implementation as Edge Back Elimination on IDAG

An edge is back eliminated by multiplying its label with the label(s) of the
incoming edge(s) of its source followed by its removal. If the source has no
further emanating edges, then it is also removed.

First-order tangent code back eliminates all back eliminatable edges in
topological order (no storage of IDAG).
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First-Order Tangent Code
Tangent SAC

Fort=0,...,n—1

STCE

<;§§>> = (5?’22}?)) (seed)
Fori=mn

..... qg—1
vi \ @i (k) k< (propagate)
Fori=0,...,m—1
{z,yti Un+p+i
n]=1 a (harvest)
({z,y}ﬁ > Uit
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First-Order Tangents by Hand-Coding STC“E“H

Code Generation Rules

1. duplication of active data segment
Each variable is augmented with its tangent version.
2. assignment-level tangent models

Construction of assignment-level single assignment code by assigning the
results of all elemental functions to unique intermediate variables makes
implementation of the local gradients and their concatenation according to
the chain rule straight forward.

3. flow of control remains unchanged

In an imperative program control flow statements (loops, branches, gotos,
...) determine the order in which the assignments are executed, which
must be preserved in the tangent program.

4. tangent subprogram calls
Replacing subprogram calls with calls of their tangent versions ensures

correct propagation of the directional derivatives through the calling
hierarchy.
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First-Order Tangents by Hand-Coding
Example: Explicit Euler (Driver)

STCE

int main(int ¢, charx v[]) {
int n=atoi(v[1]);
const double x0=1, T=1;
vector<double> p(n,1),pt(n,0);
double x=x0, xt=1;
explicit_euler(n,x,xt,p,pt,T);
cout << "x=" << x << endl;
cout << "dx/dx0=" << xt << endl;
for (int i=0;i<n;i++) {
x=x0; xt=0; pt[i]=1;
explicit_euler(n,x,xt,p,pt,T);
cout << "dx/dp[’ << i <<"]=" << xt << endl;
pt[i]=0;

return 0;
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First-Order Tangents by Hand-Coding
Example: Explicit Euler (Tangent)

STCE

const double& T
) {

void explicit_euler(const int n, double& x, double &xt,
const vector<double>& p, const vector<double>& pt,

double dt=T/n, t;
t=0;

for (int i=0;i<n;i++) {

xt+=dtspt[i]xsin(x*t)+dtp[i]strcos(xxt)sxt;
x+=dt*pli]*sin(xxt);
t+=dt;
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First-Order Tangents by Overloading RWTH

Forward Edge Back-Elimination on Tangent IDAG

STCE

5: yo(*)

We consider

(1) = (“gnteos /)

implemented as

t :=sin(xg * x1)/x1

Yo =X *l; Y1 :=1t*xc

yielding SAC

Vg ‘= X * 1

v3 1= sin(vg)

vy = w3/

Yo = To * Vg Y1 = Vg * C

for some passive value ¢, i.e, no deriva-

tives of or with respect to required; x,y,

Tangent IDAG

and ¢ are active.

Algorithmic Differentiation, Oxford 2017 «O» «F»r

it
a
it
v
Uy

APAN &4

65



First-Order Tangents by Overloading
Seed

RWTH
STCE
Cs ) 6wl |
- - Jwo] R
D4 /
[1/51.].5,‘“» xo ="
: g X =7
[v4] L 3 sin
T " [va/a] 1
feos(ua))* . 2V =2
1
xg) ?
2: %
Algorithmic Differentiation, Oxford 2017 «O0» «Fr» «E>» «E>» E DA
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First-Order Tangents by Overloading

Propagate (Local Directional Derivatives)

s wol#)

STCE

vl

6 (e |
v

’U%l:): To *T1

= % x(()l) + g * x&l)
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First-Order Tangents by Overloading

Propagate

STCE

L5yl

v [mo]

6 pi(ee) ¢
[{’1 v :

Algorithmic Differentiation, Oxford 2017
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First-Order Tangents by Overloading
Propagate

L5 ()

v o]

6 pi(ee) ¢
[{’1 v

STCE

Algorithmic Differentiation, Oxford 2017
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First-Order Tangents by Overloading
Propagate

STCE

U% =T * X1
1121) =@y ok xél) + X * zg )
v3 = sin(vq)
(vl vgl) = cos(va) * vél)
vy 1= w3/
[w$M] vil) : (vél) — U4 * xgl))/m

Yo = To * Vg
(0
Yo

0: xo

=y % :c(()l) + xp * vil)
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First-Order Tangents by Overloading

Propagate

STCE

Algorithmic Differentiation, Oxford 2017
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Vg ' 1= X *x Xy + To ok Ty
vz 1= sin(vg)

vél) = cos(vg) * vél)

vy =3/

vil) = (vgl) — Uy * xil))/xl
Yo -= To * Vs

y(()l) = vy % a:gl) + xo * vil)
Y1 ‘= Uy xC
y§1) =c* vil)
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First-Order Tangents by Overloading STeE
Harvest

0 M
Vg =X kT + To kX
vz 1= sin(vg)

vgl) = cos(vy) * vél)

Vg = 03/3?1

o= 87 v af?)
Z/013= Lo * Vg . .
B i vy x ) + 0 o)
Y1 ‘= Vg *xC

(1) (1)

Y =k,

Algorithmic Differentiation, Oxford 2017 «O» «F»r

it
v
a
it
v
Uy

APAN &4

72



dco/c++

RWTH
S L STCE
derivative code by overloading in C++
dco/c++ features
>

tangents and adjoints of arbitrary order through recursive template
instantiation for numerical simulation code implemented in C++
front-ends for Fortran, C#, Matlab, Python (3x alpha)

optimized assignment-level gradient code through expression templates
cache-optimized internal representation in various incarnations
vector modes / detection and exploitation of sparsity

external adjoint / Jacobian interfaces
user-defined intrinsics

vV V. vV vV vV VY

intrinsic NAG Library functions (e.g. Linear Algebra, Interpolation, Root
Finding, Nearest Correlation Matrix)
| 4

support for parallelism: thread-safe data structures, adjoint MPI library,
GPU coupling, meta adjoint programming (map)
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Tangents by Overloading with dco/c++
Example: Explicit Euler

STCE

Type-generic primal

template<typename AT, typename PT>
void explicit_euler(const int n, AT& x,
const vector<AT>& p, const PT& T) {

PT dt=T/n, t;

t=0;

for (int i=0;i<n;i++) {
x+=dt*p[i]*sin(xx*t);
t4=dt;

}

Algorithmic Differentiation, Oxford 2017
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Tangents by Overloading with dco/c++
Example: Explicit Euler

STCE

#tinclude " dco.hpp”
typedef dco::gtls<double>::type DCO_T;

#tinclude "explicit_euler.h”

int main(int ¢, charx v[]) {
int n=atoi(v[1]);
const double x0=1, T=1;
vector<DCO_T> p(n,1); DCO_T x=x0;
dco::derivative(x)=1.0;
explicit-euler(n,x,p,T);
cout << "x=" << dco:value(x) << endl;
cout << "dx/dx0=" << dco::derivative(x) << endl;
for (int i=0;i<n;i++) {
x=x0;
dco::derivative(p[i])=1.0;
explicit_euler(n,x,p,T);
cout << "dx/dp[" << i << "]=" << dco::derivative(x) << endl;
dco::derivative(p[i])=0.0;
}

return 0;

}
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First-Order Vector Tangent Code STCRE“H

Computer Scientist's View (Simplified)

A first-order vector tangent code F(1) : R™ x R™*! — R™ x R™*!,

y
<Y(1)> = F(l)(an(l))a

computes a Jacobian x matrix product alongside with the function value:

F(x)

y:
). VF(x) - XW

vy

harvesting of the whole Jaco-

_ bian by seeding input directions
XMl eR", i=0,...,n—1,

with the Cartesian baS|s vectors
in R™. Note concurrency!
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Vector Tangents by Overloading with dco/c++
Example: Explicit Euler

STCE

#tinclude "dco.hpp”
const size_t vs=10;
typedef dco::gtlv<double,vs>::type DCO_T;

#include " explicit_euler.h”

int main(int c, charx v[]) {
int n=atoi(v[1]);
const double x0=1, T=1;
vector<DCO_T> p(n,1); DCO_T x=x0;
dco::derivative(x)[0]=1.0;
for (int i=0;i<n;i++) dco::derivative(p[i])[i+1]=1.0;
explicit_euler(n,x,p,T);
cout << "x=" << dco:value(x) << endl;
cout << "dx/dx0=" << dco::derivative(x)[0] << endl;
for (int i=0;i<n;i++)
cout << "dx/dp[’ << i << "]=" << dco::derivative(x)[i+1] << endl;
return O;

}

Note: typically n%vs calls of vector tangent code
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Practice

RWTH
STCE
Using
explicit_euler
dco

explicit_euler.h gtls.cpp gtlv.cpp
hand
tangent.cpp

and sample code from lecture 1

> write tangent versions of Implicit Euler and Euler-Maruyama codes,
> use dco/c++ to derive tangent versions of Implicit Euler and
Euler-Maruyama codes,
» compare numerical results and run times with finite differences
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) RWTH
First-Order Adjoint Model STGE

The Jacobian is a linear operator VF : R" — R™.

Its adjoint is defined as (VF)* : R™ — R" where

< (VE) -y, x >pa=< y(1), VF - xU >gm
and where < .,. >grn» and < .,. >gm denote appropriate scalar products in R"
and R™, respectively.

Theorem
(VF)* = (VF)T.

< (V)T ya),xV) >pn=< Y(1),VF >1<>] Y >gm
[=x(1)]

Note invariant at each point in the program execution — validation of
derivatives.
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First-Order Adjoint Model

R | )
Y.a s ¢ sia(x) i a = Ko Xy o
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First-Order Adjoint Model

Mathematician's View

STCE
A first-order adjoint model Fiy : R" x R™ — R™ x R",

y
- F b b
<X(1)> 1) (X y))

defines an adjoint directional derivative alongside with the function value:

y = F(x)

x(1) = VEE)" - yq)

... definition of the whole Jaco-
bian row-wise through input di-
rections y 1y € R™ equal to the

Cartesian basis vectors in R™.
Algorithmic Differentiation, Oxford 2017
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Notation

First-Order Adjoint Code

STCE

dF\ "
Ix Y

the subscript on y denotes the first directional differentiation of F' performed in
adjoint mode in direction y ;) € R™.

Enumeration of derivatives and distinction of super- and subscripts will become
relevant in the discussion of higher derivatives computed by combinations of
tangent and adjoint modes.
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First-Order Adjoint Code STCE
Computer Scientist's View

Fay:R"x R™ x R™ x R" - R™ x R" x R"™ x R™,
~ ~ T ~ ~
(Z Zy ¥ xXu 2z Y(1)) = Fy(x,x1), X, 2,2(1), 2, ¥(1)):

computes a shifted transposed Jacobian X vector product alongside with the function
value:

R™ xR™ >

“ird NN

Algorithmic Differentiation, Oxford 2017 «O0» «Fr» «E>» «E>»
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First-Order Adjoint Code

Computer Scientist's View

STCE

The whole (dense) Jacobian can be harvested from the active input adjoints

(X(l)) cR™
z(1)

row-wise by seeding active output adjoints

(Za)) cR™
Y@

with the Cartesian basis vectors in R™ and for x(1) := 0 on input.

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoint Code

Computer Scientist's View (Simplified)

STCE

A first-order adjoint code F(7) : R" x R" x R™ — R™ x R",

y
:: F b b b
(X(1)) (1) (% X1), ¥ (1))

computes a shifted transposed Jacobian x vector product alongside with the
function value:

y = F(x)
X1y = X(1) + VF(X)T YY)
y<1) =0

... harvesting of the whole Jacobian row-wise by seeding input directions
y(1) € R™ with the Cartesian basis vectors in R™ and for x(;) = 0 on input.

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoint Model

Alternative Interpretation via Chain Rule on IDAG

STCE

Define

dt T

0= T

for v € {x,y} and some auxiliary ¢t € R assuming that ¢(F'(x)) is continuously

differentiable over its domain.

By the chain rule

dt dt dF T Y
— = =yl . VF(x
dx dy dx Y (%)
and hence
dF
dt T dx
x=— =VFx)T- .
W= o ()" -y
Algorithmic Differentiation, Oxford 2017 «O» «Fr» «E» «E E 9DaAe 86



First-Order Adjoint Code

RWTH
Chain Rule and Vertex Elimination

STCE

T
X

dH
dx

DENE

A vertex is eliminated by multiplying the labels of its incoming edges with the
label(s) of the edge(s) emanating from its target (resulting in new edges or
incrementation of existing edge labels) followed by its removal.

First-order adjoint code eliminates all eliminatable vertices in reverse
topological order (reverses primal data flow).
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First-Order Adjoint Code
Adjoint SAC: Augmented Primal Section

Fori=0,...,n—1

STCE
v = {x, 2}
record independent variables (for harvesting)
Fori=mn,...,q—1
v; = i (Vk) k=i
dos .
record intermediate variables and d; ; := %(Jk)k« for j <
Uj
Fort=0,...,m—1

{2, y}i == Vnpa
record dependent variables (for seeding)
Algorithmic Differentiation, Oxford 2017
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First-Order Adjoint Code
Adjoint SAC: Adjoint Section

Fort=0,...,m—1

STCE

Untptiy =12 Y}tiq, (seed)
Fori=q—1,...,n
for j <i: vy, == vj,, + Vi, - dij
Fori=0,...,n—1
{w, 2}, = {wi,), 0} +vi,,, (harvest)
— Note data flow reversal!

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Hand RWTH.

STCE
Code Generation Rules

1. augmented primal section

1.1 duplicate active data segment
1.2 enable recovery of lost required primal values (e.g, x=sin(x);)
1.3 enable reversal of primal flow of control (e.g, loops and branches)
1.4 run augmented primal sections of subprogram calls
1.5 enable recovery of primal results
2. adjoint section

2.1 recover of lost required primal values

2.2 reverse primal flow of control

2.3 increment adjoints (e.g, y=sin(x); ... z=cos(x);)

2.4 reset adjoints of overwritten primals to zero after use (e.g,
y=sin(x); ... z=cos(y);)

2.5 run adjoint sections of subprogram calls

2.6 recover primal results
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First-Order Adjoints by Hand
Example: Explicit Euler (Driver)

STCE

int main(int ¢, charx v[]) {
assert(c==2);
int n=atoi(v[1]);

const double x0=1, T=1;
vector<double> p(n,1),pa(n,0);

double x=x0; double xa=1;
explicit-euler(n,x,xa,p,pa,T);
cout << "x=" << x << endl;
cout << "dx/dx0=" << xa << endl;
for (int i=0;i<n;i++)

cout << "dx/dp[’ << i <<"]=" << pali] <<
return O;

endl;
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First-Order Adjoints by Hand
Example: Explicit Euler (Adjoint)

STCE

void explicit_euler(
const int n, double& x, double &xa,
const vector<double>& p, vector<double>& pa,
const double& T

stack<double> rd;

double dt=T/n, t;

t=0;

for (int i=0;i<n;i++) {
rd.push(x);
x+=dt*pli]*sin(xxt);
t+=dt;

}

double y=x;

t=T,;

for (int i=n—1;i>=0;i——) {
t—=dt;
x=rd.top(); rd.pop();
pali]+=dtxsin(x*t)*xa;
xa—+=dtpli]¥txcos(x*t)*xa;

xX=Y;

}

Algorithmic Differentiation, Oxford 2017 «O)>» «F»
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First-Order Adjoints by Overloading
Reverse Vertex Elimination on Adjoint IDAG (Tape)

STCE

Adjoint IDAG

We consider

Yo\ _ (o *sin(zg*z1)/x1
y1)  \ sin(zo*x1)/x1 *C

implemented as

t :=sin(xg * x1)/x1

Yo = xg * T

Y1 =t*c

yielding SAC

Vg ‘= X * X1

v3 1= sin(vg)

Vg4 ‘= ”Ug/.Tl

Yo = T * Vg

Y1 = Vg *xC

for some passive value c.

)
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First-Order Adjoints by Overloading
Register (Independent Inputs with Tape)

STCE
5: yo(x)

. -iv[;'j(!]

6: y1(xc)
v :
3 4./

e,

T ="
[v4] : 3 sin g T ::7
N LT
[COS(!,‘z)]A

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading
Record (Tape)

STCE
5: yo(x)

vl

6: y1(xc)
v :

[oa]

Vg ‘= X *T1
feos(ua)) X

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading
Record (Tape)

STCE
5: yo(x)

vl

6: y1(xc)
v :

[oa]

Vg ‘= X *T1

v3 = sin(vg)

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading
Record (Tape)

STCE
5: yo(x)

vl

6: y1(xc)
v :

Vg ‘= X * 1
: v3 1= sin(vg)
(o]
feos(us)]

Vyq ‘= ’Ug/.’ﬂl

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading

Record (Tape)

STCE

Z‘. 6: yi(
_['_’], v

Vg ‘= X %1
v3 1= sin(vg)

Vg ‘= ’U3/$1
Yo = T * Vg

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading

Record (Tape)

STCE

Vgt
V3
Vg
Yo -
Y1t

To * X1
sin(vq)
1}3/131
To * Vg
Vg * C

Algorithmic Differentiation, Oxford 2017
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SF;:jt—Order Adjoints by Overloading STCRE"“

Vo ‘= 2T * 1
v3 = sin(vg)
vy 1= v3/T1

Yo = To * Vg

Y1 :=va*cC

Yo, =1

Y1y, =1

IEO(I) :?
[cos(v2)] T =

V20 =

1)3(1) =

1)4(1) =0

i
i
it
N)
ye)
?
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First-Order Adjoints by Overloading

RWTH
STCE
Interpret (Tape)

Vg ‘= X * X1

v3 1= sin(vg)

V4 = U3/~T1

Yo = To * Vg

Y1 :=va*cC
VagyF = CH Y1

Note C++ Syntax:

Vagyyt = Ck Y,

=

Vagy "= U4y T C* Y1)

Algorithmic Differentiation, Oxford 2017 «O>» «Fr <
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First-Order Adjoints by Overloading

Interpret (Tape)

STCE

Vg ‘= X * X1

v3 1= sin(vg)

vy = w3/

Yo ‘= T * Vg

Y1 = Vg xC
Vgt =C* U,
V4T = T0 * Yo,
Lo, = V4 * Yo,

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading

Interpret (Tape)

STCE

[&'m Lo, )

Vg i= 2T * T1

v3 1= sin(vg)

vy 1= v/

Yo = T * Vg

Y1 = Uy xC
V)t =C* Y1,
V4t = To * Yoy,
oy, T = V4 * Yo,

u=1/1
U3(p) T = UK Vagy
LL‘l(l) — = Ug xU* ’U4(1)

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading

Interpret (Tape)

STCE

[Oyooy,]

[Ouizr1)]

Vg2 ‘= 2T * 1

v3 1= sin(vg)

vy 1= v3/T1

Yo = T * Vg

Y1 = Vg Xk C
Vit = C* Y,
V4t = To * Yoy,
Lo, + =

= Vg *UX* "U4(1)
= cos(z2) * v3,,

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints by Overloading RWTH

STCE
Interpret (Tape)

Vg ‘= X *T1

vz 1= sin(vy)

vy 1= v3/11

Yo = To * Vg

Y1 = Vg *xC
Vit =C* Y1,
Vaqy T = Z0 * Yoy
Zonyt = V4 * Yoy,

[Oyooy,] [Ou,1,]

wi=1/x;
U3y = U* V4,
2111(1)— = Vg * U * ’U4(1)

Vo, + = cos(z2) * V3,
Loy, + = T1 * Uz,
L1yt = o * U2,

Algorithmic Differentiation, Oxford 2017 «O>» «Fr <
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First-Order Adjoints by Overloading

Harvest

STCE

Vg ‘= X * 1

v3 1= sin(vg)

vy 1= w3/

Yo = T * Vg

Y1 = Vg xC
Vay+ = Cx Y,
V4, T = T0 * Yo,
Loyt = V4 * Yoy,

ui=1/z
U3y T = Uk Vagy,
1'1(1) — = Ug *xU* ’1}4(1)

Vot = cos(za) * U3,
Loyt = T1 * V2,
x1<1)+ = Tp * V2,
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Adjoints by Overloading with dco/c++
Example: Explicit Euler

Type-generic primal

STCE

template<typename AT, typename PT>
void explicit_euler(const int n, AT& x,

const vector<AT>& p, const PT& T) {
PT dt=T/n, t;

t=0;

for (int i=0;i<n;i++) {
x+=dt*p[i]*sin(xx*t);
t4=dt;

}

Algorithmic Differentiation, Oxford 2017
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Adjoints by Overloading with dco/c++ RWTH

o . . STCE
Example: Explicit Euler (Augmented Primal Section)

#tinclude "dco.hpp”

typedef dco::gals<double> DCO_M;
typedef DCO_M::type DCO_T;
typedef DCO_M::tape_t DCO_TAPE_T;

int main(int ¢, charx v[]) {
assert(c==2);
int n=atoi(v[1]);
const double x0=1, T=1;
vector<DCO_T> p(n,1);

DCO_T x=x0;
DCO_M::global_tape=DCO_TAPE_T::create();
DCO_M::global_tape—>register_variable(x);
DCO_M::global_tape—>register_variable(p);
DCO_T x_in=x;

explicit_euler(n,x,p,T);

size_t PMR=dco::size_of(DCO_M::global_tape);
cout << "x=" << dco:value(x) << endl;

Algorithmic Differentiation, Oxford 2017 «Or «Fr o«
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Adjoints by Overloading with dco/c++
Example: Explicit Euler (Adjoint Section)

STCE

dco::derivative(x)=1;

DCO_M::global_tape—>interpret_adjoint();

cout << "dx/dx0=" << dco::derivative(x_in) << endl;

for (int i=0;i<n;i++)
cout << "dx/dp[" << i << "]=" << dco::derivative(p[i]) << endl;

cout << "PMR=" << PMR/(1024%1024) << "mb" << endl;

DCO_TAPE_T::remove(DCO_M::global_tape);
return 0;
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First-Order Vector Adjoint Code

Computer Scientist's View (Simplified)

<y
X(1)

) = F(l)(xa X(l)a }/(1))7

STCE
A first-order vector adjoint code F(;) : R™ x R" x R™*! — R™ x R™*/,

computes a shifted transposed Jacobian x matrix product alongside with the
function value:
y i=F(x)
Xy =Xq) + VF(x)" - Y
Ya):=0

.. harvesting of the whole Jacobian by seeding input matrix ¥{;, € R™*™ with
the identity in R™ and for X(;) = 0 on input.
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Optimized First Derivative Code

Statement-Level Preaccumulation of Gradients

STCE

s @
AN
\ {
VT
P
| I !

1} \Q‘ E
| ) N '
Oulﬁ

R

4) TANEDT
oS : u-. ‘E\
Mem.. &7
%') ADdonaT
oy wa- lEl
teh. (g

7

TANGENT &+ ADlomsT
oPs: B 4 w- (EL-ES .')
ttEh: |E'|

MolNT 4 AV)QIN\-
0?5 18" +wm (€L -‘e'(“')
KEK'_ IE‘—|E"-&|A‘
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First-Order Adjoints with dco/c++
Register (Independent Inputs with Tape)

RWTH
STCE
L5 () :
Y -

6 yi(x0)

- _[’_’],.v-‘_

e

: 4/

e,

T ="
['rr,/,]‘ : 3: sin g T ::?
N LT
[COS(!,‘z)]A
2: %

Algorithmic Differentiation, Oxford 2017

a

DA

112



First-Order Adjoints with dco/c++
Record (Local Tape)

STCE
5: yo(x)

vl

6: y1(xc)
v :

[oa]

Vg ‘= X *T1
feos(ua)) X

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints with dco/c++
Record (Local Tape)

STCE
L5 () :
Y -

6 yi(x0)

- _[’_’],.v-‘_

[oa]

Vg ‘= X *T1

v3 = sin(vg)

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints with dco/c++
Record (Local Tape)

STCE
5: yo(x)

. ~ v[;':n]
e .

6: y1(xc)
[c] v, N

Vg ‘= X * 1
v3 1= sin(vg)
Vyq ‘= ’Ug/.’ﬂl

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints with dco/c++

RWTH
. STCE
Preaccumulate (Local Gradient)
:‘. 5: yo(*) Z‘. 6: y1(xc)
L v [l [c] v N Vg i= T *T1
o~ : o
v3 1= sin(vg)
vy 1= v3/1
81)4’03(1) = 1/1‘1 x 1
o Dy U2,y = c08(V2) * Oy, V3,
A
. . 8U4w1(1) = 61)41)2(1) * xl
[0u,0,,)] [Ov,1,] ) o / +0 %
’U4x0(1) A U4 .'L'l ’U4v2(1) xO

local gradient code exposed to
compiler (optimization)
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First-Order Adjoints with dco/c++

Record (Tape)

STCE

Z‘. 6: yi(
v

[0u,0,,)] [Ov,1,]

Vg ‘= X * 1

v3 = sin(vg)

vy 1= v3/T1

8U4’U3(1) = 1/$1 * 1

Dy V2, = €08(V2) * Oy, V3,
Ou,y 1y = 81,41)2(1) * T

Doy Ty, = —vg/x1 + Op,yv2,,,
Yo = T * Vg

* To

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints with dco/c++ L
Record (Tape)

Vo 1= T * 1

vg := sin(vg)

(e ’U3/$1

81,4’03(1) = 1/1‘1 * 1

av4’l)2(1) = cos(vg) * 3@403(1)
a1y = Ovyg Vo, * T1

[Ou20,,,] [0u,1,,)]

8v4x0(1) = 1)4/.',13‘1 + 8v4v2(1) * T
Yo ‘= To * Vg
Y1 = Vg *xC

Algorithmic Differentiation, Oxford 2017 «Oo>» «F>
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First-Order Adjoints with dco/c++ roNTH

Seed

STCE

[Ou20,,,]

[Ous11)]

V2 ‘= 2T * 1

v3 1= sin(vg)

vy 1= v3/1

81,4’03(1) = 1/1‘1 * 1

Dy U2,y = c08(V2) * Oy, V3,
3v4x1(1) = 5@402“) * T

vy Ty, = —vg /w1 + O, V2, * To
Yo ‘= To * Vg

Y1 = Vg xC

you):::?
Yig, =’

To,, =7
Ty, =7
1)2(1) =0
U3, =0
V) =0

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints with dco/c++ roNTH

STCE
Interpret (Tape)

Vg ‘= X * 1

vz 1= sin(vy)

Vg 1= v3/T1

Do, V3, = 1/21 % 1

Do, V2, = cos(vg) * D, V3,
81)4371(1) = 81)41)2(1) * T

8U4x0(1) = —'1)4/f171 + 6U4U2<1) * T
Yo 1= T * V4

Y1 = Vg *xC

V4t =C* Y,

[0“,«1:0”,,] [0, 21,

Algorithmic Differentiation, Oxford 2017 «O>» «Fr <

i
i
it
N)
ye)
?

120



First-Order Adjoints with dco/c++

Interpret (Tape)

RWTH
STCE

[0y, va,))

[al‘rv()u;]

Vg ‘= X * 1

v3 1= sin(vg)

vy 1= w3/

Du,v3g,, = 1/xy % 1

Du, Vo, = cos(vg) * Oy V3,
8,,4331(1) = 8v4vg(1) * T

Duy Ty = —Va/T1 + Op,v2,, * To
Yo ‘=T * Vg

Y1 = Vg *xC

V4t =Cx U,

V4, T = T0 * Yo,

Lo, T = V4 * Yo,

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints with dco/c++

Interpret (Tape)

STCE

[Oyooy,]

[al‘rv()u;]

Vg ‘= X *T1

v3 = sin(vg)

vy =3/

Do, V3, = 1/21 % 1

Do, V2, = cos(vg) * D, V3,
Oy @1y 7= Op, U2y, * X1

Duy Ty = —Va/T1 + Opyv2,) * To
Yo = T * Vg

Y1 = Vg *xC

Vay+ = Cx Y,

V4, T = To * Yo,

Loyt = V4 * Yoy,

L1yt = Vagy % Oy,
Loy 1 = Vagyy * oy Tog,

Algorithmic Differentiation, Oxford 2017
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First-Order Adjoints with dco/c++ STC“E““

Harvest

Vg ‘= X * 1

v3 1= sin(vg)

Vg 1= U3/£E1

D, U3,y = 1/xy * 1

Dy V2, = €08(V2) * Oy, V3,
6v4$1(1) = a’u4v2(1) * X1
8114‘r0(1) = —U4/JI1 + 61147}2(1) * Xo
Yo = To * V4

Y1 :="va*cC

Vagyt = CX Yy

Vay T = Zo * Yoy

Loy T = V4 * Yo,

Ty, + = Vag, * Oy, 21y
Togy = Vagy * OoiZog,

Algorithmic Differentiation, Oxford 2017 «O>» «Fr <
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Practice
Using

RWTH
STCE
explicit_euler
dco

explicit_euler.h gals.cpp
hand

adjoint.cpp
and sample code from previous lectures
» write adjoint versions of Implicit Euler and Euler-Maruyama codes,
> use dco/c++ to derive adjoint versions of Implicit Euler and
Euler-Maruyama codes,

tangent versions.

» compare numerical results and run times with finite differences and
Algorithmic Differentiation, Oxford 2017
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Outline

STCE

Second-Order AD

Algorithmic Differentiation, Oxford 2017
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Second Derivative Models

Multivariate Scalar Functions

STCE

Initially we consider multivariate scalar functions

y=F(x): Drp CR" = Ir C R in order to simplify the notation.

We assume F' to be twice continuously differentiable over its domain Dp
implying the existence of the Hessian

V2F(x) = %(x)

For multivariate vector functions the Hessian is a three-tensor complicating the
notation slightly due to the need for tensor arithmetic; see later.

Algorithmic Differentiation, Oxford 2017

«0O» «F>»

i
i
v

DA

126



Numerical Approximation of Second Derivatives
A second-order central finite difference quotient
f o

d.LZd‘L] (X )

~

£+ (e +e) - h) = fx + (e —ei) - )

(1)
y(12) — x T
as

PO+ (o1 =€) - h) + F(x” = (e +e:) - h)| /(4- 1)
yields an approximation of the second directional derivative
V2 f(x) - x(2)

(w.log m=1)
d2f 0y df (x +e;-h)— ddg (x—e;-h)
X =~
d$¢d$j 2-h
| fx"+ej-h+ei-h)— f(x"+ej-h—e;-h)
B 2-h
7f(x0—ej-h+ei- )— f(x°—ej-h—e;-h) 12 h).
2-h
Algorithmic Differentiation, Oxford 2017 «O0>» «Fr» «E>» «E» = DAl
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Numerical Approximation of Second Derivatives
Example: Central Finite Differences |

STCE

int main(int ¢, charx v[]) {
assert(c==2);
int n=atoi(v[1]);

const double x0=1, T=1;
vector<double> p(n,1);

double x=x0;

explicit_euler(n,x,p,T);

cout << "x=" << x << endl;

double h=sqrt(sqrt(DBL_EPSILON));

for (int i=0;i<n;i++) {

for (int j=0;j<=i;j++) {

double xp2=x0, xpl=x0;
plil+=h; p[il+=h;
explicit_euler(n,xp2,p,T);
pli] —=2xh;
explicit_euler(n,xpl,p,T);
xp2—=xpl; xp1l=x0;

Algorithmic Differentiation, Oxford 2017 «Or «Fr o«
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Numerical Approximation of Second Derivatives STeE
Example: Central Finite Differences Il

p[i]+=2xh; p[j]—=2xh;
explicit_euler(n,xpl,p,T);
xp2—=xp1l; xpl=x0;
pli]—=2xh;
explicit-euler(n,xpl,p,T);
xp2+=xpl;

cout << "ddx/dpp[’ << i<<"][" <<j << "]=" << xp2/(4xhxh) << endl;
}

return 0;

}
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Motivation

| can do better ...

STCE

Race against second-order adjoint

n primal | fd | adjoint
400 ~0 3.5 0.7
600 ~0 11.8 15
800 ~0 48.8 2.6
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Second-Order Tangent-over-Tangent Model
Computer Scientist's View (Simplified)

STCE
A second derivative code F(1:2)

RPXxR"xR"xR" > RxRxRxR,
generated in Tangent-over-Tangent (ToT) mode computes

Yy
(2)
Yy
40 _F(L?)(X’X(2),X(1)7X(1,2))
y(2
as follows:
Y F(X
y@ _ (x) - x(j)
y(l) VF(x) - x(1)
y(12) xWT . V2P (x) - x® 4 VF(x) - x(12)
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Second-Order ToT Model
Notation

Second directional differentiation of

v )L (x)
y =) .
in tangent mode ...

yields for g—y in direction x(?) the (potentially vanishing; see essential
activity / usefulness) result y(%);

RWTH
STCE

. ey
. yields for 4

yields for % in direction x(V(?) = x(1.2) 3 vanishing contribution to
y); (no dependence of y on z(1))
dx

in direction x(2) a contribution to y()(
. &
. yields for dy )

2) = y(172);
4+ in direction x(1:?) a (potentially vanishing; see essential
activity / variedness) contribution to y(1:?).

Algorithmic Differentiation, Oxford 2017 «Or «Fr o«
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Second-Order ToT Model

Derivation

RWTH

STCE
Directional differentiation in tangent mode of the first-order tangent model

vy L (x)
y Pl @)
in direction (x(? x(12)T yields
Y
€]

=0
d(X X(l)) : X(1,2) - == X
[yu)

(1,2)
X
(1) (%))
dy® @) o dy (1,2)
& Xt
HT dF( YT, a2r0) T a2F(x)
x = dxx - dx2x LF(X) ~X(2)
@+ . M
X dx?2

x@ 4 dF(X)
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Second-Order ToT Model
Essential Activity

STCE

Aiming for second-order derivatives with respect to x we may consider y as not

useful and x(1) as not varied; i.e, both y and x(!) are passive with respect to
the application of tangent mode AD to the first-order tangent code.
Consequently,

dy™ T d*F(x)
12) = W7 @ X (2
y T odx X X dx? x

Graphical illustration is provided by a corresponding reduction of the
tangent-augmented tangent IDAG; see below.
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Second-Order ToT Model

Accumulation of Hessian

STCE

1)T

V2F(x) - x?

accumulation of the whole Hessian element-wise by seeding input directions
x(M e R™ x(?) € R" independently with the Cartesian basis vectors in R" for
x(12) = 0; harvesting from y(1:2)
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Second-Order ToT Model

Graphically on Tangent-Augmented Tangent IDAG

STCE

«T

02 = dy™
ds
_dF(x)
T dx

Comments:

K1 T EF(x)

dx2

» second-order term requires proof

since actually 2 dVF e R
dVF' R(lxn)xn and dx cR"™

> X’X<>:>y<>

> x,xD,x®)

x(12) =y

(1,2)

» x varied? y useful?

@
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Second-Order ToT Code by Hand
Example: Explicit Euler (Driver)

STCE

int main(int ¢, charx v[]) {
assert(c==2);
int n=atoi(v[1]);

const double x0=1, T=1;
vector<double> p(n,1),pt1(n,0),pt2(n,0);

double x=x0;

explicit_euler(n,x,p,T);

cout << "x=" << x << endl;

for (int i=0;i<n;i++) {

for (int j=0;j<=i;j++) {

x=x0; double xt1=0, xt2=0, xtt=0;
ptl[i]|=1; pt2[j]=1;
explicit_euler(n,x,xt2,xt1,xtt,p,pt2,ptl,T);

ptl[i]=0; pt2[j]=0;

}

return O;

cout << "ddx/dpp[’ << i<<"][" << j << "]="

<< xtt

<< endl;
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Second-Order ToT Code by Hand
Example: Explicit Euler (Second-Order Tangent)

STCE

void explicit_euler(const int n,
double& x, double &xt2, double& xt1, double &xtt,

const vector<double>& p, const vector<double>& pt2,
const vector<double>& ptl,
const double& T

double dt=T/n, t;

t=0;

for (int i=0;i<n;i++) {
xtt-+=dtxptl[i]*txcos(xxt)*xt2+dtxpt2[i]*txcos(xxt)*xtl

—dtxp[i]xtrtksin(x+t)xxtlxxt2-dt*p[i]xtxcos(x*kt)*xtt;

xt14+=dtxptl[i]*sin(x*t)+dtxp[i]*txcos(xxt)*xtl;
xt24+=dt*pt2[i]*sin(xt)+dtxp[i]*tkcos(x*t)*xt2;
x+=dtpli]*sin(xxt);
t+=dt;
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Second-Order ToT Code with dco/c++
Example: Explicit Euler

Type-generic primal

STCE

template<typename AT, typename PT>
void explicit_euler(const int n, AT& x,

const vector<AT>& p, const PT& T) {
PT dt=T/n, t;

t=0;

for (int i=0;i<n;i++) {
x+=dt*p[i]*sin(xx*t);
t4=dt;

}
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Second-Order ToT Code with dco/c++
Data Access

STCE
ST R \ANGEST OVEZ TANGEWT
{
K(n G2) A .2 e T 7z
JG\\ - Fa Gﬁ(“‘xm‘)( ' >) ) 4 = vl'(x ‘x(f)* x(‘).VE‘(x)
0 = CVFR) A+ o) %D
15 <

vlue / \:o LQoe
/e
oyt

( (4 2
\Y V 4 )
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Second-Order ToT Code with dco/c++
Example: Explicit Euler (Second-Order Tangent)

STCE

int main(int ¢, charx v[]) {
assert(c==2);
int n=atoi(v[1]);

const double x0=1, T=1;
vector<DCO_T> p(n,1);

for (int i=0;i<n;i++) {
for (int j=0;j<=i;j++) {
dco::derivative(dco::value(pli]))=1;
dco::value(dco::derivative(p[j]))=1
DCO_T x=x0;
explicit_euler(n,x,p,T);
if (i+j==0)
cout << "x=" << dco::passive_value(x) << endl;
cout << "ddx/dpp[’ << i<<"][" << j<<"]="
<< dco::derivative(dco::derivative(x)) << endl;
dco::value(dco::derivative(p[j]))=0;
dco::derivative(dco::value(pli]))=0;
}
}

return O;

}
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Second-Order Tangent-over-Adjoint Model
Computer Scientist's View (Simplified)
A second derivative code

FO.R

STCE
1 -

"XR"*xRxR—RxRxR"xR",
generated in Tangent-over-Adjoint (ToA) mode computes

Yy
(2)
Yy _ (2 2 (2)
Xglg - (X’ X( )ay(1)7y(1))7
2
X(1)
as follows:
y F(x)
y@ - VF(x)-x®
X T
)
(1)

VEx)" - yq)

2
Yy - VEF(x) x® + VEx)T -y
Algorithmic Differentiation, Oxford 2017 «O> «F»r «E>»
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Second-Order ToA Model
Notation

Second directional differentiation of

dx

( y ) _ Fgrx)
X(1) o “Ya)
in tangent mode ...

. yields for

in direction x(2) the (potentially vanishing; see essential
activity / usefulness) result (2
. yields for dy in direction Yy 2 vanishing contribution to y(% (no

dependence of y on y(1))

. dX( )

. yields for ==
. yields for Z’;—Si in direction ygg a
activity / variedness) contribution to x

in direction x(? a contribution to XE ;
in di (potentially vanishing; see essential

(2)

-
Algorithmic Differentiation, Oxford 2017
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Derivation

Second-Order ToA Model

Directional differentiation in tangent mode of the first-order adjoint model

RWTH
STCE
xw)  \ " o
in direction (x( ()7 yields
y
d
o)) (e
X(1) dxya)) \¥a)

=0
——
dy @2, W@
=2 . x + —_ . y
d. 1
X dy(l) (1)
dxay  _(2) 4 dx@ (2)
= X7t 3o Yo
dF) T, a?Fx) T _ d?F(x dF
[x<1):y<1)» s s =S )] —dix) -x®
= PFx) _(2) , dFx)T (@)
Y e XU T Y
Algorithmic Differentiation, Oxford 2017 «O>» «F»>» «E>» «E>» E DA
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Second-Order ToA Model
Essential Activity

STCE

Aiming for second-order derivatives with respect to x we may consider y as not

useful and y(;) as not varied; i.e, both y and y(;) are passive with respect to
the application of tangent mode AD to the first-order adjoint code.

Consequently,
dx
@) = 220 @) =
X(l) = dx X =

2
d f CORNEY
X

Graphical illustration is provided by a corresponding
tangent-augmented adjoint IDAG; see below.

Ya) -

reduction of the
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Second-Order ToA Model

Accumulation of Hessian

STCE

Yy - V2F(x) x(?

(2) € R™ with the Cartesian basis vectors in R" for y(;) =1 and y(l) =0;
harvesting from x\?)

. accumulation of the whole Hessian column-wise by seeding input dlrectlons
-
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Second-Order ToA Model RWTH

. . STCE
Graphically on Tangent-Augmented Adjoint IDAG
@ _ %
Y=
_ dF(X) (2)
dx X
dx
(2) _ 4Xq)
X1 = s
=Y V2F(x) x® 4 VF(X)T
Comments:

» second-order term requires proof

. dx
since actually -3 € R (xn)

dVF (Ixn)x dx
IVE ¢ RUWMX" and 4 € R™.

b x,x® = @

2 2
> X, y(l)7x(2)7 y((lg = xél;

> y1) varied? y useful?

(@)
Y
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Second-Order ToA Code by Hand

RWTH
Example: Explicit Euler (Driver)

STCE

int main(int c, charx v[]) {
assert(c==2);
int n=atoi(v[1]);
const double x0=1, T=1;
for (int j=0;j<n;j++) {

vector<double> p(n,1),pt(n,0),pa(n,0),pat(n,0);
double x=x0, xt=0, xa=1, xat=0;

pt[i]=1;
explicit_euler(n,x,xt,xa,xat,p,pt,pa,pat, T);
if (j==0) cout << "x=" << x << endl
for (int i=0;i<=j;i++)
cout << "ddx/dpp[’ << j<<"][" << i << "]=" << patfi] << end|;
return O;

}
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Second-Order ToA Code by Hand
Example: Explicit Euler (Second-Order Adjoint) |

void explicit_euler(

const int n, double& x, double& xt, double &xa, double &xat,
const vector<double>& p, const vector<double>& pt,

vector<double>& pa, vector<double>& pat,
const double& T

) £

stack<double> rd,rdt;

double dt=T/n, t;

t=0;

for (int i=0;i<n;i++) {
rdt.push(xt); rd.push(x);

xt+=dtspt[i]xsin(x*t)+dtp[i]strcos(xxt)sxt;
x+=dtpli]*sin(xxt);

t+=dt;

}

double yt=xt, y=x;

t=T,;

for (int i=n—1;i>=0;i——) {
t—=dt;

xt=rdt.top(); rdt.pop();
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Second-Order ToA Code by Hand

RWTH
Example: Explicit Euler (Second-Order Adjoint) Il

STCE

x=rd.top(); rd.pop();

pat[i]+=dts#sin(xx*t)xxat+dtstkcos(x*t)*xaxxt;
pa[i]+=dtksin(x*t)=*xa;

xat+=dtxpt[i]xtxcos(xxt)sxa—dtxp[i]xtxtksin(x*t)xxasxt+dtxp[i]*txcos(xxt)*xat;
xa+=dt*pl[i]«trcos(x*t)*xa;
}

Xt=yt; x=y,

}

Algorithmic Differentiation, Oxford 2017
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Second-Order ToA Code with dco/c++
Example: Explicit Euler

Type-generic primal

STCE

template<typename AT, typename PT>
void explicit_euler(const int n, AT& x,

const vector<AT>& p, const PT& T) {
PT dt=T/n, t;

t=0;

for (int i=0;i<n;i++) {
x+=dt*p[i]*sin(xx*t);
t4=dt;

}
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Second-Order ToA Code with dco/c++
Data Access

RWTH
STCE
4 ) PR AGENT NER APIINT
&m
& _ @) @)
% | T G ﬂu)) Kl = e v&-<© *‘7"(‘) {Sc«)
@y
¥
(G}
> Q}awvzp(") ¢ Q]c«, VEE)?
aiﬂs < 3(’.1% :1‘_‘“: > ‘(écc \/
v«'(-«/ \ detodtee
destodive
\nﬂu/ \ k‘/ \pwi‘:vc
e
&ou\‘c v v Ve ) VG )7
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Second-Order ToA Code with dco/c++
Example: Explicit Euler (Second-Order Adjoint) |

STCE

int main(int ¢, charx v[]) {
assert(c==2);
int n=atoi(v[1]);

const double x0=1, T=1;
vector<DCO_T> p(n,1);

DCO_M::global_tape=DCO_TAPE_T::create();
DCO_M::global_tape—>register_variable(p);
DCO_TAPE_POSITION_T tpos=DCO_M::global_tape—>get_position();
for (int i=0;i<n;i++) {
dco::derivative(dco::value(pli]))=1;
DCO_T x=x0;
explicit_euler(n,x,p,T);
if (i==0)
cout << "x=" << dco::passive_value(x) << endl;
dco::value(dco::derivative(x))=1;
DCO_M::global_tape—>interpret_adjoint_and_reset_to(tpos);
for (int j=0;j<=i;j++)
cout << "ddx/dpp[’ << i<<"][" << j<<"]="
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Second-Order ToA Code with dco/c++
Example: Explicit Euler (Second-Order Adjoint) Il

STCE

<< dco::derivative(dco::derivative(p[j])) << endl;
for (int j=0;j<n;j++) {

dco::derivative(dco::derivative(p[j]))=0
dco::value(dco::derivative(p[j]))=0;
}

dco::derivative(dco::value(pli]))=0;

DCO_TAPE_T::remove(DCO_M::global_tape);
return 0;

}
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Second-Order Adjoint-over-Tangent Model
Computer Scientist's View (Simplified)
A second derivative code

STCE

F((Ql)):RnXRnXRXR%RXRXRnXRn,

generated in Adjoint-over-Tangent (AoT) mode computes

Yy
(1)
Yy _ (1) 1 (1)
Xg2) - F(Q) (Xa X( )7 y(2)7 y(g))a
1)
X(2)
as follows:
Y F(x)
y® VF(x) - xM
x| V)T -y
x (1)
(2) Y2)

Algorithmic Differentiation, Oxford 2017
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Second-Order AoT Model

RWTH
. STCE
Notation

Second directional differentiation of
y \_( F®
y@ %ﬁ:‘) Cx(@D

. yields for % in direction 2y a vanishing contribution to x
dependence of y on x(1))

in adjoint mode ...

1
o

. yields for Z—f{ in direction y 2y the (potentially vanishing; see essential
activity / usefulness) result x(q);

. W, N
. yields for diflx in direction y o) a contribution to x(s);

. W ..o . L .
. yields for % in direction ygg a (potentially vanishing; see essential

activity / variedness) contribution to xg%
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Derivation

Second-Order AoT Model

RWTH

STCE

Directional differentiation in adjoint mode of the first-order tangent model

y \_ ([ Fx
y 4G ()

<1>T
Z%"i Y2 + Y
N (Y@ | oay T
dxxM) \yy)

in direction (y(2) y§2)) yields

()=

(1)
Y2
T
dy® (1)
X0 YO T nm )
=0
ayD ()T 2Fe), d?Feo T — 2P dF (x) (1) d?F(x) 1
[ CO x2 7 ax? dx? “ax Y@ TYR) o o -xt)
a arx)T (1)
ax Y(2)
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Second-Order AoT Model
Essential Activity

STCE

Aiming for second-order derivatives with respect to x we may consider y as not

useful and x(1) as not varied; i.e, both y and x(!) are passive with respect to
Consequently,

the application of adjoint mode AD to the first-order tangent code.

dy®"
dx

X(g) =

2
o _ m ¢Fx _a
. y(Q) — y(2) . dx2 . X( )

Grapbhical illustration is provided by a corresponding
adjoint-augmented tangent IDAG; see below.

reduction of the
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Second-Order AoT Model RWTH

STCE
Graphically on Adjoint-Augmented Tangent IDAG
T
1y _ 4 ° _ T, 1)
@ @) = g~ VEC) v
_dtT
Ye) Ui) *2) =
Gor) (o) = VFGOT ya +yfy) VG <
Comments:
<O » second-order term requires proof

H dt

since actually Fre € R,
(1)

dng c R(lxn)xn‘

2
F
v > ny(l),y(2),y((;; = X(Q)

(o) Gx) »xafy =)

> x(1 varied? y useful?
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Second-Order AoT Model

Accumulation of Hessian (Complexity)

STCE

y(1) V2F(x) - <

. harvesting of the whole Hessian column-wise by seeding input directions
x(l) € R"™ with the Cartesian basis vectors in R" for ?48 =1, %2 =0, and
y((2; = 0; harvesting from x(5)
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Second-Order Adjoint-over-Adjoint Model
Computer Scientist's View (Simplified)
A second derivative code

STCE

Fao):R"xR"xRxR—=RxR"xR" xR,
generated in Adjoint-over-Adjoint (AoA) mode computes

Yy
Xy | = f <. x(1:2)
X(2) (1,.2) (%, Y1), Y(1,2))
Y@a,2)
as follows:
Yy F(x)
X | ._ VEx)" -y
X(2)
Y@1,2)

Yya) - V2F(x) - X(1,2) + VF(x)T- Y(2)
VF(X) . X(l,2)
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Second-Order AoA Model
Notation

Second directional differentiation of

RWTH
STCE

dF(x) T
dx

() = (e
X(1)
in adjoint mode ...

Y

yields for Z—)y( in direction y(2y a (potentially vanishing; see essential activity
/ usefulness) contribution to result x(s);
. yields for dyd—y

dependence of y on y(1))
. yields for d

X (1)

in direction y 2y a vanishing contribution to y; 2y; (no
dx

. d
. yields for S

in direction x(1 2) a contribution to x(3);
W in direction x(; ) a (potentially vanishing; see essential
activity / variedness) contribution to y(1 o).
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Derivation

Second-Order AoA Model

RWTH
Directional differentiation in adjoint mode of the first-order adjoint model

STCE
()= (e

drx)T
di ) -y(1)>
in direction (y(2) X(LQ))T yields

T day T
() i
(X(z) > - _\*O
Ya,2)

dx T
= oY) ta
. < Y(2) > | oay T
d(x y)) X(1,2)

dx ’ X(I»Q)
dx (1) T
2) t 3 "X(1,2)
dyq) v
=0
T 2
_ T dF(x d°F
ben=vey 9P60T] (G2 o) + 30y - GE xa2)
dF(x) .
dx X(1,2)
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Second-Order AoA Model RWTH

: . STCE
Essential Activity

Aiming for second-order derivatives with respect to x we may consider y as not
useful and y(;) as not varied; i.e, both y and y(;) are passive with respect to
the application of adjoint mode AD to the first-order adjoint code.

Consequently,

_dxq d*F(x)
X() = X0 TV T X02)

Graphical illustration is provided by a corresponding reduction of the
adjoint-augmented adjoint IDAG; see below.
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Second-Order AoA Model

RWTH
. o o STCE
Graphically on Adjoint-Augmented Adjoint IDAG
a7
X2 = g
=VFEX)" e +ya) - VFX) X
g = 2"
(1,2) = dyc
= VF(X)T . X(l’g)
Comments:

» second-order term requires proof since
actually d(t € R,

dx 1)
dx
(1) nx(1xn) dVF (Ixn)xn
0 eR ,and ¥F € R .

> X, Y1), Y(2), X(1,2) = X(2)
> X, X(1,2) = Y(@1,2)

> 1) varied? y useful?
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Second-Order AoA Model

Accumulation of Hessian (Complexity)

STCE

y(l) . VQF(X) . X(1’2)

Yc2) = 0; harvesting from X@2) =0

... harvesting of the whole Hessian row-wise by seeding input directions
x(1:2) € R" with the Cartesian basis vectors in R for y(;) = 1, x(9) = 0, and

Algorithmic Differentiation, Oxford 2017
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Second Derivatives

Multivariate Vector Functions

STCE
We consider multivariate vector functions

y:F(X)ZDFQRn—)IFQRm.

We assume F' to be twice continuously differentiable over its domain Dp
implying the existence of the Hessian

d*F
2 _
V°F(x) = P(x)
The Hessian is a three-tensor, that is

V2F(x) € R™"",
tensors.

Algorithmic Differentiation, Oxford 2017
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Jacobian Projections

Recall ...

STCE

eg. A=V?F, F:R®* > R*

Tangent Projection

Adjoint Projection

<Av>=A-v

Algorithmic Differentiation, Oxford 2017
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Hessian Projections RWTH

. L STCE
First-Order Tangent Projection

Algorithmic Differentiation, Oxford 2017 «0» «Fr «E» «E>»
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Hessian Projections

First-Order Adjoint Projection

STCE

Algorithmic Differentiation, Oxford 2017
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Hessian Projections

Second-Order Tangent Projection

STCE

Note:

<Av,u>=<< Av > u>=<< Aju >0 >=< A, u,v >
due to symmetry; see, e.g., [Naul2] for proof.
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Hessian Projections

Second-Order Adjoint Projection

STCE

Note:

due to symmetry; see, e.g., [Naul2] for proof.

Algorithmic Differentiation, Oxford 2017
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Second-Order ToT Model

Graphically on Tangent-Augmented Tangent IDAG

STCE

dVF dx (1)
=<< >, X >
=<< V’F, x? >,x(1) >
for passive x(1).

Algorithmic Differentiation, Oxford 2017

«O)» «F»r «

it
v
i
-

173



Second-Order ToA Model

Graphically on Tangent-Augmented Adjoint IDAG

STCE

T
1

ds ds
_d<yu),VF>
- ds
dVF
TSYm g 7
AVF dx
YOS T ds

s >>
ds

=<ya),< VFx® >>

for passive y(1)
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Second-Order AoT Model

Graphically on Adjoint-Augmented Tangent IDAG

STCE

Algorithmic Differentiation, Oxford 2017
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__ _dt d<VF x>
dy@)’ dx
dt dVF
=< m, < —))X

&
>
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for passive x(V
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Second-Order AoA Model

Graphically on Adjoint-Augmented Adjoint IDAG

STCE

ro_dt __ dt 7dVFT-Y(1> S

dx dx 1) dx

dt d< Y@, VF >
=< ,

dX(l) dx

e dt < d

- dX(U’ Y(1)7

VF S
dx

=< x(1,2)7 < y(l)a VQF >
for passive y(1).
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Outline

STCE

Higher-Order AD

Algorithmic Differentiation, Oxford 2017
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Third Derivative Models FONTH
STCE
Tangent over Tangent over Tangent (ToToT)

y = F(x)

dF
y@ =< x>
@ =< Z—i,x@) >
2
23) . Zf;x(m
X
dF
dx
d*F dF
13 s XD x® 5 4 o Tx’x(m >
d*F dF
y(1‘2) =< dx2 ,x( ),X(Q) >+ < d—x,x(l’Q) >
d*F
y(123) o s PE O @ @y 8
d*F ey

ax2

dF
x® >4 < = x®9 >
dx

,x(l) >

dF 1) (@ &F a1y 29
ax2 >+<ﬁ,x , X >

aF a2

+< x> <o x

i
i
it
N)
ye)
?
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Third-Order ToToT Model

Graphically on Tangent-Augmented ToT-IDAG

RWTH
STCE

y <, >]

< V2F(x),x(1) >

Algorithmic Differentiation, Oxford 2017
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Third Derivative Models

RWTH
. STCE
Tangent over Tangent over Adjoint (ToToA)
y =Fk)
dF
y@ —c W@
dx
dF
y@ —e W@
dx
d’F dF
Y23 x@ x5 4 e
dx? dx
X =< g >
(1) =<Y@q), ax
2
@ __ B aF d 3
X =<Yay g ot < y(l),ﬁ,x( ) >
2
@ .__ @ 4F d°F 2
X0y =<Yoo >+ <y, E,x( ) >
2 2
23) .__ (23 dF @ A°F (3 d°F (2
X(l) T y(l) 7d7x>+<y(1)7pvx >+<y(1,2)7ﬁ7x >
EF (2 s 29)
+<Y(1)ad?ax » X >+<y(1)7p7x >
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Third-Order ToToA Model

Graphically on Tangent-Augmented ToA-IDAG

STCE

<y, V2F(x) >

Algorithmic Differentiation, Oxford 2017
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Exercises

Higher Derivative Models

STCE

Live:

» Tangent over Adjoint over Tangent over Adjoint (ToAoToA)
> Adjoint over Tangent over Adjoint over Tangent (AoToAoT)

Algorithmic Differentiation, Oxford 2017
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Outline

STCE

Beyond Black-Box Adjoint Algorithmic Differentiation

Algorithmic Differentiation, Oxford 2017
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Beyond Black-Box Adjoint AD ST

Recall ...

Adjoint AD computes

Xoy = X(l)l =VFx)T. Y(l)[:VFlT-(...(VFqT - Xqgy) )
GR]L X ER,n) X1l

assuming availability of adjoint elementals
Xic1qy = VE;(xi—1)" - Xi)

fori=gq,...,1 (— reversal of data flow).

The minimum requirement for AAD tools is the implementation of adjoint
elementals for the intrinsic operations (+, x,...) and functions (sin,exp,...) of
the given programming language.

Overloading tools (e.g, dco/c++) generate a tape entry per adjoint elemental
for interpretation during propagation of the adjoints (— basic AAD). Varying
levels of granularity (e.g, right-hand sides of assignments) can be considered.
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Beyond Black-Box Adjoint AD RWTH
STCE
Adjoint Objects and Programs

An adjoint object Fj () comprises both data and instructions necessary for
evaluating Xi—l(l) = VFi(Xi_l)T : Xl(l)

An adjoint program F(y) is an abstract data structure defined as a partially
ordered sequence of adjoint objects.

An appropriately augmented version of the given implementation of F' (the
—

forward section F'(q of the adjoint program) is executed to record data
required for the evaluation of

X’L’*l(]) = Fi(l)(xifla Xz(l)) = VFi(Xifl)T . XL<1) fori = q,..., 1

<
by the reverse section F'(;) of the adjoint program.
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Beyond Black-Box Adjoint AD
Gaps in Tapes

STCE
Let Fy () not be implemented by basic AAD.
A gap is induced in the tape of the adjoint program
Xk—1(1)
Xay=Xo)VF .. - VE (1) - (VEG - (VES - Xgy) )
Xk (1)
to be filled by a custom version of Fj ().

For example, checkpointing methods decrease the maximum tape size by
storing x;_1 and postponing the generation of the tape for Fj to the reverse
section of F(y).

Algorithmic Differentiation, Oxford 2017

«O» «Fr « >

<

186



Beyond Black-Box Adjoint AD
Gaps in Tapes

STCE
5< g.make_gap

[

[5] o

g-fill_gap

Algorithmic Differentiation, Oxford 2017
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Beyond Black-Box Adjoint AD RWTH

o . STCE
Checkpointing: E.g, Implicit Euler

T

void newton(double& x, const double& p,
const int i, const double& dt) {
double x_prev=x;
double f=—dtxpsksin(x*ixdt);
while (abs(f)>1e—15) {

x=x—f/(1—dt*p*ixdtxcos(xxixdt));
f=x—x_prev—dtkpsxsin(x*ixdt);

}

.

}

Unit memory per vertex / edge in G = (V, E).
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Beyond Black-Box Adjoint AD RWTH

STCE
Implicit Euler: Store All

(PMR,POC)
(6,0) < register 20, p, dt
(10,1) < compute z! and record
(14,2) + compute z? and record
(18,3) + compute x> and record
(22,4) < compute z* and record; return z*; set w?l)

(18,4) < compute x?l),p?m,dt(l); release x4

(14,4) < compute x?l),pﬁl); increment dt(q); release x3

(10,4) < compute w%l),p%l); increment dt(1); release x2
(8,4) + compute x((]l) , p?l); increment dt(q); release x1

(0,4) < return m?l),p(l),dt(l); release x¢, p, dt

Note: PMR ~ |E|, POC ~ |V|

Algorithmic Differentiation, Oxford 2017 «O>» «Fr <
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Beyond Black-Box Adjoint AD

STCE
Implicit Euler: Store All
St Lrrs )
T v
LQ’R \Q_i‘,
7 b .
1 [ 1]
g  [a] =
T 82
Note .
(&'2 Ly Misntg  Aunofadion
- welevsad o defulé
Poc 4 (0@) Q(
Algorithmic Differentiation, Oxford 2017 «4O0>» «Fr «=» «=E» = DACG
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Beyond Black-Box Adjoint AD

Implicit Euler: Recompute All

STCE

(PMR,POC)
(7,0) «
(11,4) «
(7,4) +

da’
( : dpi—1

(11,7) <
(7,7) «
(11,9) «
(7,9) «
(10,10) «+
(6,10) «
(0,10) «+

Note: Recording single steps

register :1:0, p, dt; store z0

4

compute z2; compute z* and record; return z*

set 95?1)? compute T(31)7P?1)7 dt(1y; release x4

0

restore 2°; compute z2; compute 2> and record

compute x?l) s p?l); increment dt(;); release 23

restore 2°; compute z'; compute 22 and record

compute x%l) s p%l); increment dt(q); release x?

0 1

restore and free z"; compute =~ and record

compute x?l) s p?l); increment dt(q); release xt

return z?l), P(1); dt(1); release 20, p, dt

Algorithmic Differentiation, Oxford 2017 <«
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Beyond Black-Box Adjoint AD
Implicit Euler: Recompute All

STCE

PecoxroE - AL <uc$ i)

\

e
// \\

4\0\

-.1 3?‘( E‘i 91 ‘J TQ Q g
Uit ‘(l" l(H 4(1
e = 12
Yoc = 10

No&zl\

&uok ~tceesA to

ad widtoud
&Q c(L\Ow
Algorithmic Differen , Oxford 2017
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Beyond Black-Box Adjoint AD STCRE“H
Implicit Euler: Joint Reversal / Checkpointing

(PMR,POC)
7,0) < register z°, p, dt; store z°
g
8,2) < compute 22 and store
(
8,4) < compute z* and return
( p

(15,6) < restore and free z?2; compute z° and record; compute
z* and record;

(11,6) < set w?l); compute w?l),p?l), dt(1); release x4

(7,6) + compute x?l),pfl); increment dt(1); release z3

(14, 8) < restore and free x2; compute ! and record; compute
z2 and record;
(10,8) < compute x%l),p(ll); increment dt(q); release x?

(6,8) «— compute 7”((’1)’17?1)5 increment dt(1); release zt

(0, 8) « return 1?1),p(1),dt(1); release z°, p, dt

i
i
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Beyond Black-Box Adjoint AD

Implicit Euler: Joint Reversal / Checkpointing

Jow ™ <Mcs = L)

e §

Algorithmic Differentiation, Oxford 2017
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Beyond Black-Box Adjoint AD
Iterative (Single-Level) Checkpointing

RWTH
STCE
fi)
faq)
X — @ Ly —
: g-make_gap g-make_gap v

Algorithmic Differentiation, Oxford 2017
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Beyond Black-Box Adjoint AD

Implicit Euler: Checkpointing Evolution (Live)

STCE

for (int j=0;j<n;j+=ncs) {
cp.push(x);

for (int i=j;i<min(j+ncs,n);i++)
newton(x,pli].i,dt);
}

for (int j=n/ncskncs—1;j>=0;j—=ncs) {

x=cp.top(); cp.pop(); MEM—=sizeof(double);
for (int i=j—ncs+1;i<=j;i++)

newton(F,x,xa,p[i],pali].i,dt);
for (int i=j;i>j—ncs;i——)

newton(R,x,xa,p[i],pa[i],i,dt);
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Beyond Black-Box Adjoint AD
Checkpointing Ensembles

STCE

fa1)

Algorithmic Differentiation, Oxford 2017
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Beyond Black-Box Adjoint AD
Checkpointing Ensembles

STCE

g-fill_gap

/7/‘ /j/‘
RS N D R
N 7 [avl} N _7
ou)
e
Onr-nON
[
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Beyond Black-Box Adjoint AD

Euler-Maruyama: Checkpointing Ensemble (Live)

STCE

for (int j=m—1;j>=0;j——) {
// augmented primal path
x=x0; t=0;

for (int i=0;i<n;i++) {

tbr.push(x); MEM+=sizeof(double); PMR=max(PMR,MEM);,
x-+=dtxp[i]*sin(x*t)+pl[i]*cos(xxt)*sqrt(dt)*dW]j][i];
t+=dt;

s+=x; x=x0;

// adjoint path

x0a+=xa; xa=0; xa+=sa; t=T,

for (int i=n—1;i>=0;i——) {
t—=dt;
x=tbr.top(); tbr.pop(); MEM—=sizeof(double);
pa[i]l+=(dt*sin(x*t)4cos(x*t)*sqrt(dt)xdW][j][i]) xxa;
xa=(1+dt*p[i]*tkcos(xxt)—p[i]*txsin(xxt)*xsqrt(dt)«dW[j][i])*xa;
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DAG / CALL TREE REVERSAL

Story

STCE

OO,

(2 :

U5,U4y---,V-1

» U.N.: DAG REVERSAL is NP-Complete,
J. Disc. Alg. 7(4), 402-410 (2009).

» U.N.: CALL TREE REVERSAL is
NP-Complete, LNCSE 64, 13-22 (2008).

» J. Lotz et al.: Mixed Integer Programming
for Call Tree Reversal, SIAM CSC (2016).
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CALL TREE REVERSAL
Example: Let MEM = 1110 ...

STCE

+10|+10 -10|-10

+100| +100

R=(1,1): *
—100{ -10C

100 | 100

+1000
MEM=1220, OPS=0

+100| +100

—100| -100
—1000

1000
MEM=1110, OPS=2200

+1000

Algorithmic Differentiation, Oxford 2017
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CALL TREE REVERSAL
o STCE
Example: Let MEM = 1110 ... Greedy Heuristics

Smallest Memory
from R =1 and yields ...
Largest Memory Decrease (LMD)

+10|+10 -10|-10

Increase starts R=(0,1):

+100| +100  —~100{ =100

starts from R = 0 and yields ... H 71

+100{ +100  —100|-100

1000
MEM=1120, OPS=1200

1000 +1000 ~1000
MEM=1110, OPS=1000

Largest Memory Increase (LMI) re-

mains at R =1 as R = (1, 0) infea-
sible

+1000 —-1000
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CALL TREE REVERSAL

Evolutions: Recursive Bisection (Limited Checkpoints)

S A CHEY
(STCE .
RecorgUE BiSTCTION

{40 =3 B
) o vt
o e
[l
U

“Hr =15

A
B
Poc = 16 <=
Algorithmic Differentiation, Oxford 2017
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CALL TREE REVERSAL

Evolutions: Optimal Bisection (Limited Checkpoints)

‘STCW\’X‘:@JW
OrriAc Biseetion)

(=f0,c=3

Rl (R
i /L

=L
#?N- = Wurlu
\

@?S(s&c)

'@43<€-i

oaal
1IN
Poc = 1S
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Symbolic Adjoints

Case Study: Diffusion

STCE
1. Find y = y(z,?) s.t.

dy d?y
— =cy,x,t)  —5 .

o =z t) o
Discretization in space using n grid points; performing m time steps.

2. For given primal R" 5 y™ = y™(y") and adjoints y{,, and y{}, find

dy™ r
0 ._ 0 0
Yo =¥ (dyo(y )) Y

special case.

Initially we consider nonlinear c. Linear scenarios include self-adjointness as a

Algorithmic Differentiation, Oxford 2017

«O» «Fr « >

<

i
v

DA

205



Case Study: Diffusion

Primal: Motivation

e ARy
STCE

Algorithmic Differentiation, Oxford 2017
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Case Study: Diffusion

Primal

STCE
We study the development of a quantity y = y(z,t¢) : R x R — R over space
x € ]0,1] and time ¢ € [0, 1] modeled by the partial differential (diffusion)
equation (pde)

% = c(y,x,t) - %
with initial and boundary conditions
ylz,t=0)=1
and
ylx =0,t) = y(xr =1,t) =0,
respectively.
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Case Study: Diffusion
Adjoint

STCE

A given spatial discretization x € R™ yields a discrete solution

y! =y(x,1) € R™ as a function of the discrete initial condition
vy’ = y(x,0) € R™. We aim to compute the adjoint

dy!

R" > Y?1)+ =< Y(ll), Ty() >

For example, the adjoint allows us to calibrate an unknown or uncertain initial
condition efficiently to given obserations of the solution.
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Case Study: Diffusion

Primal: Spatial Discretization |

RWTH
STCE

We use central finite differences to approximate the second derivative of y wrt.
x. The domain [0,1] 5 z is divided into n sub-intervals of equal length

1

n

Az =

yielding a spatial discretization x = (xj);?:_ol with n — 2 inner points

Z1,...,Tn—o in addition to the two boundary points o =0 and z,,_1 = 0.

Second spatial derivatives are approximated by second-order finite differences

based on central finite difference approximation of the first derivatives at the

center points

Tj-1+%;
2

of the corresponding intervals.

From

IEj =+ $j+1
2

ajz

and b; =

dy
%(@jvt) ~

ylzjt) —y(zj1,t) _ Y~y
Az Az

Algorithmic Differentiation, Oxford 2017 «Or «Fr CEr <
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Case Study: Diffusion
Primal: Spatial Discretization |l

STCE
forj=1,...,n—2 and
@(b- t) ~ y(zjv1,t) — y(z),t) _ Y1 Y
oz’ Ax Ax
for j=1,...,n— 2 follows
32y ([E t) - (b t) (a]7t) _ yj-‘rl —_ 2 . y] _|_ yj—l
ErP AR Ax (B2
for j =1,...,n — 2 and hence the system of ordinary differential equations
(ode)
0y
S =0, i=0...,n-1, 2)
Algorithmic Differentiation, Oxford 2017 «O0>» «Fr» «E>» «E» E DA
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Case Study: Diffusion

Primal: Spatial Discretization Il]

STCE
where
g; =0 je{0,n—1}
_c(yj,7,t)
95 = (A (Wi — 2y +yi-1)

je{l,...,n—2}.
The residual vanishes at both boundary points due to constant Dirichlet-type
boundary conditions.
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Case Study: Diffusion

Primal: Temporal Discretization I

STCE

The derivative of y wrt. time ¢ on left hand side of Equation (2) is

approximated by backward finite differences yielding the backward Euler
method. Decomposition of the unit time interval [0,1] 3 ¢ into m sub-intervals

of equal length

1
At=—
m

yields a temporal discretization t = (¢;)1", and m + 1 states y% .

j=0,...,n. From
duy vy
ot At
for j=1,...,n— 2 follows
k k—1
y -y k

Y5 for
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Case Study: Diffusion

Primal: Temporal Discretization I

STCE

yielding the recurrence

fR YR

fork=1,...,m.

vy = At g(y*) =0

(3)

Solutions of the system of parameterized nonlinear equations in Equation (3)
yield y* € R" for parameter y*"' ¢ R" and k=1,...,m
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Case Study: Diffusion STC“E"H

Primal: Newton

y* = Newton(y§, y* )

Newton's algorithm for the solution of the parameterized system of nonlinear
equation f(y,p) = 0 with state y = y*, parameter p = y*~! € R" and initial
condition y’g :

1 0<ex 1

2: 7:=0

3: while |f(y%,y*~1)| > € do

k vk d, k —1\— —

4 yk =y - Lk y) T fyE v

5 Ji=j54+1

6: end while
Algorithmic Differentiation, Oxford 2017 «O>» «F»>» «E>» «E>» E DA 214



Case Study: Diffusion

Primal: Gauss

STCE
equations

The Newton step Ay” is computed as the solution of the system of linear
daf - _
@(yf,y’“ DeAyF = flyhyh)
We use standard LU decomposition followed by forward and backward
substitution, e.g, for A-x=Db:

A U
L-y
- X

L.
b
U y

Application of Newton's algorithm to Equation (3) yields the backward Euler
method for solving Equation (2).
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Case Study: Diffusion STC“E“H

Primal: Backward Euler

m

y™ := Euler(m, y°)

Backward Euler method for approximating a solution y™ = y (¢ = 1) of the
system of ode ?Tt = g(y) with m time steps for a given initial condition
y'=y(t=0):
1 0<ex,
2: At :=m™!
3 k=1
4: while £k <m do
ji=0
while [y% — y*~! — At - g(y¥)| > e do
Vi = yy = (U= At g yf) - (vf —y* ! = Atg(y))
j=7+1
end while
100 k=k+1
11: end while

© o N v

i
it
N)
p
e

Algorithmic Differentiation, Oxford 2017 «Or «Fr CEr <

216



Case Study: Diffusi RWTH
. y I. uston STCE
“Adjoint”: Finite Differences |

(1) = Euler®y (m,y°, ¥ (1))

Central finite difference approximation of the adjoint initial condition
y?l) = y(1)(t = 0) for a given adjoint Y = y)(t = 1) of an approximate
solution y™ of the system of ode % = g(y) obtained after m implicit Euler
time steps for a given initial condition y° :

1: 2:=0

2. while i < n do

3: 0<hxkl

4 y™ :=Euler(m,y’ —e; - h)

5.yt :=Euler(m,y° +e; - h)

6 y() =Y tei ((YF}))T Syt —ym)/(2 h))

7. =i+l
8. end while
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Case Study: Diffusion STCmE
Adjoint Newton: Scenarios

The key ingerdient of algorithmic adjoint diffusion is an adjoint version of the

solver for the system of nonlinear equations. For motivation, we consider the
scalar case first:

1
() dp
22—-p=0 ?

Y
=
N
[
<
‘ U
8
|
—

differentiate

dx
. 2.z (zm =)~z =0
) =2 (o ) =

=P@1)

s 2 turb -
(z*,G) = S (20, p) | record pertur = S(ﬁo,;n*‘.’rm)

Y

oy interpret
¥~ /p

D) = 355 = 38 R0y AP R e ERE

Py = S(G )

Assumptions: sole use of p (increment p(;y otherwise); no previous use of x
(reset x(q) to zero otherwise)
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Case Study: Diffusion STeE
Toward Adjoint Newton

Higher-level elementals improve efficiency, robustness, and scalability of

algorithmic adjoints. We consider a sequence of steps leading us to elemental
solvers for systems of nonlinear equations.

» Explicit Functions

» Inner Vector Product
» Matrix Vector Product

» Implicit Functions
> Inner Vector Product
» Linear Equation
» System of Linear Equations
» Nonlinear Equation
» System of Nonlinear Equations
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Toward Adjoint Newton RWTH

STCE

Inner Vector Product: Algorithmic Adjoint

For

y=al-x, a,xcR"yeR

we get

1. y:=0

2: fori=0,...,n—1do

3: Y =y+a;x;

4: end for

5:

6: fori=n—-1,...,0 do

T a); tEaq); T Yy,

8 T, =T, T Yy,

9: end for

10: ya) = 0

Note: Unless explicitly stated otherwise we assume distinctly named variables
to be unaliased.
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Toward Adjoint Newton

Inner Vector Product: Symbolic Adjoint

STCE
1. y:=al -x (DOT)
2: ag) ‘= a) + d(l) = a() +x- Y(1) (AXPY)
@ frd dXT ‘a = XT
da da

- dyT
an) = d

Yoy = XY
3 X(1) "= X(1) + )~((1) = X(1) +a- Y1) (AXPY)

@_daT-x
dx

_.T

dx e

- dyT
X1 = dx Yy = a-ya)

4 ya) = 0

context-sensitive version.

«O» «Fr « >

Note: We use overset tildes to denote the context-free adjoint as opposed to its
Algorithmic Differentiation, Oxford 2017
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Toward Adjoint Newton
Matrix Vector Product: Algorithmic Adjoint

STCE

For y=4-x, AcR™", xcR", yec R™ we get

1: for j=0,...,m—1do

2: yJ =0

33 fori=0,...,n—1do

4: Y =Y+ Aj,i “ Ty

5. end for

6. end for

T:

g8 forj=m—1,...,0do

90 fori=n-—1,...,0do

0 Ay, = Aay,, v,
11 Ty, = ra), + Ay,
12:  end for

13: y(l)j =0

14: end for
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Toward Adjoint Newton
Matrix Vector Product: Symbolic Adjoint
1

STCE
y = A-x (GEMV)
2:

Apyi=Any +Aqy = Aqy +yq) - x* (GER)
y; = Aj -x (DOT)
Aa). =Xy, (A, is row vector)
A(l)j =y, -xT
Ay =y -x"

3 X(1) ‘=Xa) + )~((1) =X() + AT Ya) (GEMV)

Yy =A;-x (DOT)
T
X1, = A4j -y,
x1) = A" ya)
4: y(l) =0
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Toward Adjoint Newton RWTH

) } o . STCE
Linear Equation: Algorithmic Adjoint

For
a-r=b, ax,b€R

we get

1. x = g

2:

. 1

3: by =bay + 5 7

4 a() = aa) = g L)

5: x(1) =0
Algorithmic Differentiation, Oxford 2017 «0» «Fr «E» «E>» = DAl 224



Toward Adjoint Newton

Linear Equation: Symbolic Adjoint

STCE
L by = ba) +ba) = bay + & -z
d(a-x) :a‘d—x:@zl
db b  db
~ dx 1
by = g T =5 T

2 aq) i=an) +aq) =aa) — g2

d(a - x)

_d(a-x) dx+6(a-x)_a dx—i—x—db—O
da =~ dz da da  da " da
- dx T

Q) = 2Ty = =T

3 ) =0
Algorithmic Differentiation, Oxford 2017
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Toward Adjoint Newton RWTH

. . . o STCE
System of Linear Equations: Symbolic Adjoint

For
A-x=b, AcR™", b,xcR"
we get
1. x:= A . b (SOLVE)
2:
3: b(l) = b(l) +AT.x 1) (SOLVE)
4: A(l) = A(l) — b(l) X (GER)
5 X(1) = 0
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Toward Adjoint Newton

Nonlinear Equation: Symbolic Adjoint
For

STCE
fy,p) =0,
we get

pe R’ y=y(p)

4 _of  df dy _
dp  9p B
Transposition yields

dy dp

df\"  (of\T | df [(dy\"
<dp> <8p> +dy'<dp> N
and hence

of
P = &y Yy = — 7 Y
= = af
dp =
Pa) =Py +P()
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Toward Adjoint Newton

System of Nonlinear Equations |

RWTH

STCE

Differentiation of the parameterized system of nonlinear equations

R" > F(y(p),p) =0
at the solution y. = y.(p) € R"™ with respect to parameters p € R' yields

P _oF dF dy _
dp  9p dy dp
Transposition yields

AR\ (OFNT (dy\" (dE\T
dp) ~ \op dp dy )

and hence

oFN" L (dv\"

op N

dF\"
— . Z.
dp dy

=Y
Algorithmic Differentiation, Oxford 2017
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Toward Adjoint Newton

System of Nonlinear Equations ||

STCE
T
Hence, computation of the adjoint p(;) = (%) *¥(1) amounts to the solution
of the linear system
art
iy

=Y
followed by a single evaluation of F{;) to obtain

oFT
Pu) = 5

op

The Jacobian ‘Z—F requires O(n) evaluations of the tangent residual F(!) while
potential sparsity should be exploited.
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Case Study: Diffusion STCE
Adjoint: Newton

(' o= Newton() (v, ", ¥{y)

Symbolic adjoint of Newton's algorithm for the solution of the parameterized
system of nonlinear equation f(y,p) = 0 with state y = y*, parameter
p =y"~' € R", initial condition y{, and adjoint solution y) = yé“l)

0<exl
:7:=0
- while |f(y%, y*~1)| > € do

1
2
3
R TR il 10.4 15 S R 04 )
5 J:i=j54+1
6: end while
T yk = y?_l

. d 1\ —
8: Z = %(yk’yk 1) T. (_y?l))
g vkl .— df (yk k=1)T

LYh =ty 'z

i
it
N)
p
e

Algorithmic Differentiation, Oxford 2017 «Or Fr = o 230



Case Study: Diffusion STCmE
Adjoint: Backward Euler |

y?l) = Euler<1)(m,y0.,y(’1l>)

Algorithmic adjoint backward Euler method for computing the adjoint initial
condition y?l) for a given adjoint yz’f) of an approximate solution y™ of the
system of ode ‘fft’ = g( ) obtained after m implicit Euler time steps for a given
initial condition y°

0<ex,

At :=m~!

k=1
while £ < m do
Jj=0
while |y% — y’“*1 At - g( 5) > e do
Vi =y — (= At BN (vE -yt = At g(yh)
ji=7+1
end while
k=k+1
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Case Study: Diffusion
Adjoint: Backward Euler |l
end while

RWTH
k:=m

STCE
while £ > 1 do

yécl_)l = (I — At -

49 (k=T .k
dy (yJ‘ )) Y1)
k=k-—1
end while
Algorithmic Differentiation, Oxford 2017 «0» «Fr «E» «E>» = DaA®
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Case Study: Diffusion

Linear ¢ |

RWTH
STCE

If ¢ is linear in y then so is the entire residual g(y). Hence, it can be expanded
into a first-order Taylor series at pointy =0 (y; =0for j=1,...,n—2) as
follows:

dg

= g(O,X,t) +@(X’t) ) (y - O)

dy

d
t)-y.

- Y
dy
=0
The residual at y = 0 vanishes identically. Linearity of the residual in y implies
the independence of its first derivative from y, that is, the Jacobian

Z—f, = j—f,(x,t) is independent of the state of the system y at any time
ti7i :0,...,m.
Hence,

-yt 9 (x 1) - yH

At dy

where the Jacobian %(x,t) of the residual can be computed as the residual
g(y,x,t) evaluated at the Cartesian basis directions y = e, ...,e,_1 due to
linearity.
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Case Study: Diffusion e
Linear ¢ I

The solution of the resulting system of linear equations

dg

At -
(tdy

(x,t) —I) -yt = —yF

is obtained by a single LU-decomposition followed by forward and backward
substitutions during each backward Euler step.

We are interested in adjoints of y™ with respect to y° and the parameter
C=C(x,t)e R"™:

The residual becomes g = g(C,y) : R"*™ x R"™ — R". It turns out to be

linear both in y and C. Backward finite difference discretization in time yields
the backward Euler method:
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Case Study: Diffusion RWTH

STCE
Linear ¢ |1
1. A= A(C) := dgdy(C) =< 2(C), I >= (R(C,ey))_,
22 Ai=L+U—-T=LUAt-A-1)
3 forj=1,...,mdo
4: y i =-y
5. yi=FB(Ay)=U"-(L7"(y))
6. end for

with in-place LU factorization LU : R™*"™ — R"™*", forward-backward
substitution FB : R™*™ x R™ — R" and identity I € R"*".
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Case Study: Diffusion
Adjoint: Black Box

STCE

L B e
O > W N RO

©X NSO AN

. A= dgdy(C)
cA=At-A-1T
. A:=LU(A)
forj=1,...,mdo
y=-y
PUSH(y); y := FB(A,y)
end for

for j =m,...,1do

POP(y); (Aq),y@)) = FBw) (4, Aw),y,y))
Ya) = —Y)
. end for

: A(l) = LU(1)(A,A(1))
: A(l) = At . A(l)
2 C(ny == dgdy(1y(C, C1y, Any)
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Case Study: Diffusion

Adjoint: Elemental Linear Solver

STCE

1:

2:
3:

10:
11:
12:
13:
14:
15:
16:
17:

© O NO A

A :=dgdy(C)

A=At-A-1T

A= LU(A)

cforj=1,...,mdo
y ==Y
y =FB(Ay)=U""-(L7"(y))
PUSH(y)

end for

forj=1,...,mdo

POP(y)
yo =L (U (yu)))
Ya) = —Y@) .
Apn+=ya) 'y

end for

A(l) = At - A(l)
C(y = dgdy1)(C, C1), A1)
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Case Study: Diffusion
Adjoint: Simplification due to Linearity of R in C

STCE

Note that C'(1) := dgdy(1)(C(1), A(1)) independent of C' yielding

1. A:=dgdy(C)

22 Ar=At-A-1

3 L+U—1:=LU(A)

4: for j=1,...,m do
yi=-y
y :=FB(L,U,y)
PUSH(y)

end for

© ® NOO

10: for j=1,...,m do

11:  POP(y)

122 yuy:=LT-U T (ya)))

13: Y(l) = _y(l)

14: C(l) = C(l)+ <¥y@1) %(At . y) >
15: end for
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Case Study: Diffusion

Adjoint: Selfadjointness

STCE

For
dy d?y
dt  dz?
the algorithmic adjoint simplifies to

1: A :=dgdy

22 Ai=At-A-1T

3: L+U—-1:=LU(A)

4 for j=1,...,m do

% Y T oY

6: Ya) = FB(L,U,Y(U)
7: end for

due to selfadjointness of the diffusion operator as A = AT
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Case Study: Diffusion

STCE

Selfadjointness for independent ¢ € R

e e e
AN A e

© O NSO RN

. A= dgdy(c)
cA=At-A-1
L+U-1:=LU(A4)
forj=1,...,mdo
y = -y
y = FB(L,U,y)
PUSH(y)
end for
for j=1,...,m do
POP(y)
Y = 7Y

ya) = FB(L,U,yq))
) =yt <yay, E(At-y) >
: end for
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Case Study: Diffusion RWTH

STCE
Selfadjointness for time-dependent ¢ = c(t) — ¢ = (¢;j)jLo
1: forj=1,...,m do
20 A:=dgdy(c;)
3 A=At-A-1T
4 L4+U-1:=LUA)
5. PUSH(L+U —1)
6: yi=-Yy
7. y:=FB(L,UYy)
8 PUSH(y)
9: end for
10:
11: for j=1,...,m do
12:.  POP(y)
132 POP(L+U-1I)
Yo = oy
15: Ya) = FB(L, U,y(l))
16: C(l)j = C(l)j+ <¥Ya), %(At . y) >
17: end for
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